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ABSTRACT 

We present supergravity solutions for 1/8-supersymmetric black supertubes with three 
charges and three dipoles. Their reduction to five dimensions yields supersymmetric black 
rings with regular horizons and two independent angular momenta. The general solution con- 
tains seven independent parameters and provides the first example of non-uniqueness of su- 
persymmetric black holes. In ten dimensions, the solutions can be realized as D1-D5-P black 
supertubes. We also present a worldvolume construction of a supertube that exhibits three 
dipoles explicitly. This description allows an arbitrary cross-section but captures only one of 
the angular momenta. 
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1 Introduction 

The black hole uniqueness theorems establish that, in four spacetime dimensions, an equilibrium 
black hole has spherical topology and is uniquely determined by its conserved charges. It was 
realized a few years ago that these results do not extend to five dimensions. The D = b 
vacuum Einstein equations admit a solution describing a stationary, asymptotically fiat black 
hole with an event horizon of topology x S'^: a rotating hlack ring IJ. The solution is not 
uniquely determined by its conserved charges (mass and angular momentum) and, moreover, 
these charges do not even distinguish black rings from black holes of spherical topology. Charged 
black ring solutions with similar properties were constructed in |2l 0] ■ 

The black rings of PI El Ej entail a finite violation of black hole uniqueness, since there 
are finitely many solutions with the same conserved charges. It has been suggested that black 
rings exhibiting a continuously infinite violation of black hole uniqueness might also exist |5 , 
and such solutions were recently constructed jH]. In their simplest guise, these are described 
by solutions of five- dimensional Einstein-Maxwell theory. Physically, they describe rotating 
loops of magnetically charged black string. Since the loop is contractible, these solutions carry 
no net magnetic charge. They do carry, however, a non-zero magnetic dipole moment. This 
is a non-conserved quantity, often referred to as 'dipole charge'. The black rings of are 
characterized by their mass, angular momentum and dipole charge, hence there is a continuous 
infinity of solutions for fixed conserved charges. 

The dipole charge has a simple microscopic interpretation [S]. The black rings of |3] can be 
obtained from dimensional reduction of an eleven-dimensional solution describing M5-branes 
with four worldvolume directions wrapped on an internal six-torus and one worldvolume direc- 
tion forming the of the black ring in the non-compact dimensions. The dipole charge of the 
black ring is just the number of M5-branes present. The most general solution of |5J has three 
independent dipole charges, since it arises from the orthogonal intersection of three stacks of 
M5-branes wrapped on T^, with the common string of the intersection forming the S"^ of the 
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ring. Classically, the dipole charges are continuous parameters, whereas in the quantum theory 
they are quantized in terms of the number of branes in each stack. 

Dipole moments and angular momentum play an important role in another class of solutions 
of recent interest: the supertubes of [01 13 IE] • Black rings become black tubes when lifted to 
higher dimensions, and ref. [H] identified certain charged non-supersymmetric black tubes as 
thermally excited states of two-charge supertubes carrying Dl- and D5-brane charges and a 
dipole charge associated to a Kaluza-Klein monopole (KKM). Supertubes have also been the 
subject of interest from a different direction following the realization that the non-singular, 
horizon-free supergravity solutions describing these objects are in one-to-one correspondence 
with the Ramond-sector ground states of the supersymmetric D1-D5 string intersection [Hj 
ITT] . It has been conjectured that supergravity solutions for three-charge supertubes might 
similarly account for the microstates of supersymmetric five- dimensional black holes ^2] ■ This 
proposal has motivated a number of interesting studies on the D1-D5 system and supertubes (THl 
HH Uni Cni mi including the first examples of non-singular three-charge supergravity supertubes 
without horizons (THl EI . 

Investigations of the relationship between black rings and supertubes have previously been 
done in the framework of the supergravity solutions found in ^ I2l Ej • However, these do not 
admit a supersymmetric limit with an event horizon, and this complicates understanding the 
microscopic origin of their entropy.^ It has been conjectured, though, that supersymmetric 
black rings should exist The additional ingredient of supersymmetry of the black ring 

is important for two reasons. First, many of the solutions of [H |2l El E] are believed to be 
classically unstable, whereas a supersymmetric black ring should be stable. Second, it should 
facilitate a precise quantitative comparison between black rings, worldvolume supertubes, and 
the microscopic conformal field theory of the D1-D5 system. 

Recently, we found the first example of a supersymmetric black ring [TH^. It is a three- 
parameter solution of minimal D = 5 supergravity. We shall see that, upon oxidation to 
ten dimensions, this solution describes a black supertube carrying equal Dl-brane, D5-brane 
and momentum (P) charges, and equal Dl, D5 and KKM dipole moments. One purpose 
of the present paper is to generalize this solution to allow for unequal charges and unequal 
dipole moments. We shall present a seven-parameter black supertube solution labelled by 
three charges, three dipole moments and the radius of the ring. 

Our solution contains several previously known families of solutions as special cases. First, it 
reduces to the solution of [TH] in the special case of three equal charges and three equal dipoles. 
Second, it reduces to the two-charge supergravity supertubes of [7] when one of the charges 
and two of the dipoles vanish. Third, in the zero-radius limit, the solution reduces to the four- 
parameter solution describing supersymmetric black holes of spherical topology CSj. Finally, in 
the infinite-radius limit the dipole moments become conserved charges and the solution reduces 
to the six-charge black string of [TB] . 

"'^Ref. [HI made some progress in this direction by studying a non-supersymmetric extremal ring with a horizon. 
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In five dimensions, our solution describes a supersymmetric black ring. Although it is 
determined by seven parameters, it carries only five independent conserved charges, namely 
the Dl, D5 and momentum charges (which determine the mass through the saturated BPS 
bound), and two independent angular momenta. Hence classically, the continuous violation of 
black hole uniqueness discovered for the dipole black rings of [Sj also extends to supersymmetric 
black holes. In string/M-theory, the net charges and dipole charges must be integer-quantized, 
since they represent the number of branes and units of momenta. As a consequence of the 
charge quantization, the violation of uniqueness is finite. 

One might wonder whether this lack of uniqueness could be a problem for a string theory 
calculation of the entropy of black rings. After all, the original entropy calculations 120] simply 
counted all microstates with the same conserved charges as the black hole, which clearly will 
not work here. But note that there is no confiict with the computation of the entropy of black 
holes of spherical topology, as performed by Breckenridge, Myers, Peet and Vafa (BMP V) [19^ , 
since the supersymmetric BMPV black hole has two equal angular momenta, whereas our black 
rings always have unequal angular momenta. For the rings themselves, the proposal of [H] is 
essentially that we should resolve the non-uniqueness by counting only microstates belonging 
to specific sectors of the D1-D5 CFT, with the precise sector being determined by the values 
of the dipole charges. It will be interesting to see whether this can be done at the orbifold 
point of the CFT. We will make a few more comments on the issue of non-uniqueness in the 
conclusions of the paper. 

Two-charge supertubes were originally discovered as solutions of the Dirac-Born-Infeld 
(DBI) effective action of a D-brane in a Minkowski vacuum [Hj. In this worldvolume picture 
the branes associated to net charges are represented by fiuxes on the worldvolume of a tubular, 
higher- dimensional brane; the latter carries no net charge itself but only a dipole charge. In 
this description the back-reaction on spacetime of the branes is neglected. The supergravity 
solution for a two-charge supertube [3 |H] describes this backreaction. 

The worldvolume description has proven extremely illuminating for the physics of two- 
charge supertubes. For example, it has led to a new way of counting the entropy of the 
D1-D5 system that does not use its CFT description ^^I- It is therefore desirable to have an 
analogous description for three-charge supertubes. A first step in this direction was given in 
|15j . where a worldvolume description based on the DBI action of a D6-brane that exhibits 
explicitly three charges and two dipoles was found. However, generic three-charge supertubes 
carry three dipoles, as can be understood from the fact each pair of charges expands to a higher- 
dimensional brane. A worldvolume description based on D-branes that incorporates the third 
dipole seems problematic, since the latter necessarily corresponds to an object that cannot be 
captured by an open string description, such as NS5-branes or KKMs ^E\. This difficulty can 
be circumvented by going to M-theory, where the three branes with net charges can be taken 
to be three orthogonal M2-branes, whereas the three dipoles are associated to three M5-branes. 
(This is also the most symmetric realization of the three-charge supertube.) We will show 



4 



that there exist supersymmetric solutions of the effective action of a single M5-brane in the 
M-theory Minkowski vacuum that carry up to four M2-brane charges and six M5-brane dipoles. 
We call these 'calibrated supertubes' because the worldspace of the M5-brane takes the form 
S X C, where 5" is a calibrated surface and C is an arbitrary curve. While the three-charge 
calibrated supertube captures all dipoles and shows that an arbitrary cross-section is possible, 
it also suffers from limitations. We will discuss these in detail in the corresponding section. 
Suffice it to say here that the calibrated supertube only captures one of the angular momenta, 
as opposed to the two present in the supergravity description. 

The paper is organized as follows. In section El we present the black supertube solution as an 
M-theory configuration with three orthogonal M2-brane charges and three M5-branes intersect- 
ing over a ring. Then in sectionElwe describe other useful coordinates for the solution, calculate 
its physical parameters, and study its causal structure and horizon geometry. In section HI we 
dualize the solution to a D1-D5-P black supertube, which is shown to possess a remarkably rich 
structure. Section El discusses how our black rings contain two independent continuous parame- 
ters which are not fixed by the asymptotic charges, and therefore realize infinite non-uniqueness 
of supersymmetric black holes. In section IHl we analyze some particular cases contained within 
our general solution, and study the 'decouphng limit', relevant to AdS/CFT duality. Section [71 
is devoted to the construction of worldvolume supertubes with three charges and three dipoles. 
In section IHl we give a preliminary comparison of the supergravity black tubes with worldvolume 
supertubes. We conclude in section IHl 

The derivation and analysis of the solutions entail many technical details that, for the 
sake of readability, we have found convenient to move out of the main body of the paper into 
a number of extended appendices. These are the derivation of the supersymmetric rings in 
minimal supergravity and in ?7(1)^ supergravity theories (appendices 1X1 and IB|1 . the conditions 
for the absence of causal anomalies (appendix (01), and the proof of regularity of the horizon 
(appendix ID|). 

N.B. Following our publication of the minimal supersymmetric black ring in JH]; the solu- 
tions describing three charge supersymmetric black rings have been found independently by two 
other groups |2I1 122] ■ Solutions describing concentric black rings have also been constructed 

I231I221- 

2 Three-charge black supertube in M-theory 

The most symmetric realization of a supertube with three charges and three dipoles is an M- 
theory configuration consisting of three M2-branes and three M5-branes oriented as indicated 
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by the array^ 



Qi M2 


1 


2 












Q2 M2 






3 


4 








Qs M2 










5 


6 




qi m5 






3 


4 


5 


6 




q2 m5 


1 


2 






5 


6 




ga m5 


1 


2 


3 


4 









(2.1) 



We will denote by the coordinates along the 123456-directions, which we take to span a 
six-torus. The three M5-branes wrap a common circular direction, parametrized by ip, in the 
four- dimensional space transverse to the three M2-branes. Since this circle is contractible, the 
M5-branes do not carry conserved charges but are instead characterized, as we will see, by their 
dipoles Qi. The M2-branes do carry conserved charges Qi. 

The D = 11 supergravity solution describing this system takes the form^ 

ds]^ = ds] + [dzl + dzl) + [dzl + dzf) + [dz^ + dz^) , 

A = AdziA dz2 + A^ A dz^ A dz^ + A^ A dz^ A dze , (2.2) 

where A is the three-form potential with four-form field strength = dA. The solution 
is specified by a metric ds^, three scalars X\ and three one-forms A*, with field strengths 
= dA\ which are defined on a five- dimensional spacetime by 

-{H,H,H,)-'/\dt + uof + {H^H^H^fH^l 
Qi 



ds] 



where 



dyi, 



A' = Hr\dt + uj)-^[{l + y)d^ + {l + x)d(j)], 
X' = Hr\H^H2H^f/\ 



(2.3) 



+ {y' - 1)#^ + 



dx^ 



1 — X" 



+ (1 - x^)d(t)'^ 



(2.4) 



Hi 


= 1 + 


2i?2 


[x 




^293. 2 

4i?^(" 


-y\ 


H2 


= 1 + 


Q2 - qm 

2i?2 


[x 


-y)- 


q^t 2 

4i?^(" 


-y% 


H3 


= 1 + 


Qz - qiq2 

2i?2 


[x 


-y)- 


qiq2i 2 

4i?^^" 


-y% 



(2.5) 



and uj = a;0(i0 + uj^dip with 
1 



1 - X ) [giQi + ^2^2 + g3<53 - qmqs (3 + x + y)] 



(2.6) 



^(gi + g2 + g3)(i + y)- ^ (y^ - i) bi<5i + q2Q2 + g3Q3 - gig2g3 (3 



^In such arrays, we shall reserve capital letters (M2) for branes carrying conserved charges and lower case 
letters (ni5) for branes carrying dipole charges. 

"^The action of D = 11 supergravity is given in equation 
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X = const 



Figure 1 : Coordinate system for blaclc ring metrics (from j24| E] ) . The diagram sketches a section 
at constant t and (p. Surfaces of constant y are ring-shaped, while x is a polar coordinate on the 5^ 
(roughly x ~ cos6). x = ±1 and y = —1 are fixed-point sets {i.e., axes) of and d^, respectively. 
Asymptotic infinity lies at x = y = —1. 

Note that the six-torus in ()2.2|1 has constant volume, since 

X^X^X'' = 1. (2.7) 

This constraint implies that the five- dimensional metric is the same as the Einstein-frame 
metric arising from reduction of the above solution on T®. Note as well that, although the 
functions Hi are not harmonic, they appear in the metric ()2.2j) as would be expected on the 
basis of the 'harmonic superposition rule' for the three M2-branes. 

The metric dx."^ (which we shall sometimes refer to as the "base space") is just the flat metric 
on written in 'ring coordinates' [211 E 121 El E] ■ These foliate by surfaces of constant y with 
topology X S"^, which are equipotential surfaces of the field created by a ring-like source. 
They are illustrated in fig. The coordinates take values in the ranges — 1 < x < 1 and 
— oo < y < —1; (f),ip are polar angles in two orthogonal planes in E'^ and have period 27r. 
Asymptotic infinity lies at x — y — — 1. Note that the apparent singularities at y = — 1 
and X = ±1 are merely coordinate singularities, and that [x, 0) parametrize (topologically) a 
two-sphere. The locus ?/ = — oo in the four-dimensional geometry ()2.4|) is a circle of radius 
R> parametrized by ijj. We will show that in the full geometry ()2.3|) this circle is blown up 
into a finite-area, regular horizon. Note also that the function x — y is harmonic in (j2.4p . with 
Dirac-delta sources on the circle at ?/ = — oo. 



7 



The angular momentum one-form uo is globally well defined, since uJtp{x = ±1) = uj^{y = 
— 1) = 0, i.e., there are no Dirac-Misner strings. If these had been present then removing them 
would have required a periodic identification of the time coordinate, rendering the solution 
unphysical [Hj- In contrast, the potentials are not globally well defined since there are Dirac 
strings at x = +1 (but not at x = — 1 or ?/ = — 1). This poses no problem, however, because 
their gauge-invariant field strengths are well defined. 

As mentioned above, Qi and qi are constants that measure the charges and the dipole 
moments of the configuration. We assume that 

Qi > g2'?3 , Q2 > qm , Qs > qiq2 , (2.8) 

so that Hi > (this assumption will be justified below). For later convenience, we define 

Qi = Qi-q2q3, Q2 = Q2-qm, Q2. = Q2. - qiq2 , (2.9) 

which obviously satisfy < < Qj, and 

q = {qiq2q3f^. (2.10) 

Integer powers of q such as q^ and q^ should not be confused with individual dipole moments, 
which we always label by a subindex, i.e., as q2 and gs. 

It is shown in appendices 1X1 and iBl that the fields ()2.2|1 . ()2.H|1 provide a supersymmetric 
solution of D = 11 supergravity. This is done as follows. First D = 11 supergravity is reduced 
on using the ansatz ()2.2|) and the constraint ()2.7p . This gives a A/" = 1 -D = 5 supergravity 
theory with gauge group U{1)'^ consisting of D = 5 minimal supergravity coupled to two U{1) 
vector multiplets. The bosonic fields of this theory are the metric, the three abelian gauge 
fields and the three scalars X*, which obey the constraint (|2.7p . This is a special case 
of a more general U{1)^ theory obtained by coupling minimal supergravity to N — 1 vector 
multiplets. A general form for supersymmetric solutions of the latter theory was obtained in 
[25| ! generalizing the results of j2Zi for the minimal theory. Using these results, it is a simple 
task to extend our construction of the supersymmetric black ring solution from the minimal 
theory to this more general theory. The general X-charge supersymmetric black ring solution 
is given in appendixlHl For the special case of the U (1)^ theory, it reduces to the solution (j2.3p . 
The analysis of [23 EHI reveals that all supersymmetric solutions of the D = 5 theory preserve 
either four or eight supersymmetries, and a complete list of the latter was given in |25|. It 
follows that our solution preserves four supersymmetries and hence gives a 1/8 BPS solution 
oi D = 11 supergravity. 

In the special case of three equal charges Qi = Q and three equal dipoles qi = q, the 
D = 5 solution ()2.3|) reduces to the supersymmetric black ring solution of minimal supergravity 
constructed in [18 . We shall show that the general seven-parameter solution ()2.3|) also describes 
supersymmetric black rings. 
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Figure 2: Coordinates {p,0), in a section at constant t, (f), tp (the four quadrants are obtained by 
including also constant ^ + tt and ijj + Tr). Solid lines are surfaces of constant p, dashed lines are at 
constant Q. The ring lies aX p = R, @ = tt/2. 

3 Physical Properties 

In this section we shall compute the physical quantities that characterize the black supertube 
solution, determine the necessary and sufficient conditions to avoid causal pathologies and 
demonstrate that it has a regular horizon. We first introduce some new coordinate systems 
that are useful for different aspects of the analysis. 



3.1 Coordinate systems 

The coordinates employed in the previous section display the solution in a form that involves 
simple functions of x and y and indeed provide the easiest way to derive it. To obtain the 

charges measured at infinity, however, it is convenient to introduce coordinates in which the 
asymptotic flatness of the solution becomes manifest. Speciflcally, we change {x, y) {p, 6) 
through 

psmS — — , pcosB = , (3.1) 

X — y X — y 

with 0<p<oo, 0<©< 7r/2. Define also 

E = = V(P' - RT + cos2 e . (3.2) 

x-y 

In these coordinates the flat base space metric is 

dxl = dp^ + p^ {dQ^ + sin^ Qdip^ + cos^ 6^0^) , (3.3) 
The functions entering the solution are 

Hi = 1 + + g2g3^, 
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H2 



1 + 
1 + 



cos^ 6 

-{qi + q2 + gs) 



qiQi + ^2^2 + gsQs 



Q2 


- qsqi 
s 




/O 


- 91^2 

s 


+ gi?2^, 


- g 
















sin^e 
2S2 




+ g2Q 



(3.4) 



(3.5) 



2p2 



A* = /Jri(dt + ^) + [{p' + R^- S)# + (p2 - - S)#] 



(3.6) 



Note that is a harmonic function in ()3.3|) with Dirac-delta sources on a ring at p = R, 
G = 7r/2 (see figureEj). As p — > oo the five-dimensional metric ()2.3p is manifestly asymptotically 
flat, and the eleven-dimensional metric (|2.2p is asymptotically fiat in the directions transverse 
to all of the M2-branes. 

This coordinate system foliates E"^ in a familiar manner, but is quite unwieldy for studying 
the structure of the solution near the ring. There is yet a third system of coordinates that 
proves useful for later apphcations, in particular for describing the decoupling limit in section 
16.41 These coordinates are defined by changing (x, y) (r, 9) through 

I 1 X o ^ 1 I X 



cos' 9 



X — y X — y 

where 0<r<oo,0<^<7r/2. The fiat base space metric is 



+ d9']+ {r' + R') sin^ 9d^' + r' cos' 



where now the function S defined in ()3.2j) takes the form 

S = + cos^ 9 , 



(3.7) 



(3. 



(3.9) 



and does not involve any surds. Surfaces at constant r are topologically S^'s that enclose the 
ring. The inner disk of the ring, {x = +1}, corresponds now to {r = 0,0 < 9 < it/2}, and the 
outer annulus, {x = —1}, is {0 < r < oo, = tt/2} (see figure Ej). The horizon of the ring lies 
at r = 0, 9 = tt/2. The full solution becomes manifestly fiat as r — ^ oo, where r and 9 come to 
coincide with the previous p and 0. The functions defining the solution are now 

^293-^^ cos 29 



Hi 



-I 



(3.10) 



with the obvious permutations of (123) giving H2 and H^, and 



cos^ 9 
2E2 



qiQi + q2Q2 + qsQs - gM 1 + 



2i?2 cos 29 



(3.11) 



-(gi + q2 + qs) 



i?2 sin^ 9 (r2 + i?2) sin2 ^ 
S 2S2 



qiQi + q2Q2 + q-iQz - 1 



2i?2 cos 29^ 
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Figure 3: Coordinates {r,9), in a section at constant t, (j), -0 (and + vr, V + Solid lines are 
surfaces of constant r, dashed lines are at constant 9. The axis of (p consists of the segments r = 
and e = tt/2. 

For convenience, we also give the gauge potentials 

d2 

A' = Hr\dt + uj) + ^(sin^ Od^j - cos^ Odcf)) . (3.12) 
3.2 Physical parameters 

If we assume that the Zi directions are all compact with length 27r£, then the five-dimensional 
Newton's constant is related to the IID coupling constant k through = 87rG5(27r£)®. The 
mass and angular momenta in five dimensions can be read off from the asymptotic form of the 
above metric, 

M = ^iQi + Q2 + Q3), 

J4> = ^TT iiiQi + 1-2Q2 + qsQs - qiq2q3) , (3.13) 

TT 

•^'/' = ^TT (2^^ (?i + '?2 + gs) + giQi + '?2Q2 + gsQs - 91^2^3) • 

The M2-brane charges carried by the solution are given by 

Q. = ^ / ^n^ = ^ / (XT' ^5 = T^Q., (3.14) 
Js3xT^ levrGs J S3 4G5 

where and ^5 are the eleven- and five- dimensional Hodge dual operators with respect to the 
metrics fj2.2|) and ()2.3|) . respectively. The is the sphere at infinity in the five- dimensional 
spacetime, and denotes the 3456, 1256 and 1234 four-torus for i = 1, 2, 3, respectively. The 
solution saturates the BPS bound 

M = Qi + Q2 + Q3. (3.15) 
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As we have explained, the M5-branes do not carry any net charges. However, their presence 
can be characterized by appropriate fluxes, to which we will refer as 'dipole charges', through 
surfaces that encircle the ring once, namely by 



where the S"^ is a surface of constant t, y and in the metric (j2.2j) . and is a two-torus in the 
12-, 34- and 56-directions for i = 1,2, 3, respectively. In computing these integrals it is useful 
to observe that the first summand in A' does not contribute, since, because u is globally well 
defined, it leads to a total derivative. 

These dipole constituents generate a dipole field component of near infinity. Asymptoti- 
cally, the magnetic components of the three-form potential are given by 



The presence of non-zero (/)-components is easily understood. Consider for example (the 
interpretation for and is analogous). This corresponds to a non-zero Au<j) that, upon 
Hodge dualization, leads to a non-zero component ^03456?/' , as expected for the potential sourced 
by M5-branes along the 3456'?/'-directions, as in the array ()2.H) . The magnitude of this dipole 
moment is set by the coefficient in brackets in (j3.17|) . The second contribution, qiR^, is exactly 
as would be expected for a one-dipole supertube source [71IH|. The interpretation of the contri- 
bution proportional to is more subtle, and its origin can presumably be understood in the 
same way as that of itself, which will be discussed in sec. |H1 

Hodge dualization of the components would seemingly suggest the presence of M5-brane 
sources that wrap the 0-direction. However, examination of the details of the supergravity 
solution reveals that there are no such sources. Instead, the correct interpretation of these 
components is that they are sourced by the M2-branes in the presence of the M5-branes. 
Consider, for example, a two-charge/one-dipole supertube consisting of the M2-branes along 
the 12- and 34-directions and the M5-brane along the 1234'0-directions. The M2-branes can be 
represented by fluxes -ffoi2 and -ffo34 of the M5-brane worldvolume three-form. These couple 
minimally to, and hence act as sources of, the Ai2^p and ^34^ components of the supergravity 
potential through the Wess-Zumino term of the M5-brane action, Swz ~ / ^3 A H3. 

We can infer from the expressions ()3.17|) - ()3.18|) that the gyromagnetic ratio of the super- 
symmetric ring is g = 3, as for the BMPV black hole j|28j. 

In the quantum theory the charges will be integer-quantized, with [221 




(3.16) 




(3.17) 



(3.18) 




2/3 



(3.19) 
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1/3 

q^ , (3.20) 
corresponding to the numbers of M2- and M5-branes in the system, respectively. 

3.3 Causal structure and horizon geometry 

The results of j2Z| reveal that many rotating supersymmetric solutions exhibit closed causal 
curves (CCCs). In this section, we shall derive a simple criterion for the absence of such 
pathologies in a general five-dimensional supersymmetric solution and then examine when our 
solution (j2.3|) satisfies this criterion. 

Any supersymmetric solution of D = 5 supergravity theory admits a non-spacelike Killing 
vector field V |30| 1^ . which defines a preferred time orientation. In a region where V is 
timelike, the metric can be written as (see appendix A for details) 

ds^ = -f{dt + ujf + /"^/i„„dx"c/x" (3.21) 

where V = d/dt and hmn is a Riemannian metric on a four-dimensional space with coordinates 
x"^. The metric hmn, scalar / and 1-form u = Umdx^ are all independent of t. For our solution, 
/-I = {H^H^H^f/^ X- = and h^n is flat. 

Consider a smooth, future-directed, causal curve in such a region. Let U denote the tangent 
to the curve and A a parameter along the curve. Then, using a dot to denote a derivative with 
respect to A, we have 

{)<-V -U = f{i + Umx"") , (3.22) 
because the curve is future-directed. Furthermore, 

ft {i + 2uJmX'^) = -U^ + QmnX'^X^, (3.23) 

where 

Qmn = f ^hmn ~ f^m^n- (3.24) 

Let us now assume that gmn is positive-definite. Then the right-hand-side of equation ()3.23|) is 
non- negative because < 0. We shall show that this implies t > 0. Consider first the special 
case in which the RHS of (|3.23j) vanishes. This implies that x"^ = 0. Equation (j3.22j) then gives 
t > (we cannot have t = as that would imply U = 0). Now consider the general case in 
which the RHS of ()3.23|) is positive. Then either (i) t > and i + 2uJmX'^ > or (ii) i < and 
i + 2uJmX'^ < 0. However, it is easy to see that (ii) is inconsistent with ()3.22p . Hence we must 
have (i) so i > 0. Therefore t must increase along any causal curve, so if t is globally defined 
then such a curve cannot intersect itself. 

In summary, the condition that Qmn be positive-definite is sufficient to ensure that there 
are no closed causal curves contained entirely within a region in which V is timelike and t is 
globally defined. 
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For our solution, the coordinates (t, x, y, 0, ip) cover such a region. Hence to show that 
our solution has no CCCs at finite y, it is sufficient to show that Qmn is positive-definite for 
—oo < y < —1. This reduces to showing that gij is positive-definite, where i,j are the 0, ■?/' 
directions. In Appendix O we show that a necessary and sufficient condition for gij to be 
positive-definite is^ 

i<j i i 

where we use the Qi defined in fl2.9|) . It follows from the above argument that our solution is 
free of CCCs at finite y if the inequality ()3.25p is satisfied. This might be regarded as providing 
an upper bound on the radius R for a given set of charges Qi and qi. However, as we shall see, 
R is not the physical radius of the ring. An equivalent expression that involves only physical 
quantities is 

4^5(7-0 — Jff,) 



4gig2 Q1Q2 - qs- 



This expression yields now an upper bound on — for given charges, 
forms are obtained by permutations of (123). 
As y ^ —00 we find 



X 



oil 



(3.26) 
Other equivalent 

(3.27) 



where 



L = — 



1 

2g2 



i i 



i<j 



1/2 



qiq2 Q1Q2 



TT 



-{QiQi + 22^2 - QsqsY 



1/2 



(3.28) 



which is real and non- negative as a consequence of ()3.25|) . If ()3.25|) were violated then d/dipi 
would become timelike a.s y —>■ —00 in a neighbourhood of x = ±1 so some orbits of d/dip 
would be closed timelike curves. 

In ^H] we showed that the BPS ring solution of minimal supergravity can be analytically 
extended through an event horizon at y = —00 when the inequality ()3.25p is strict {i.e., when 
L > 0). The same is true of the general solution presented above. The method of extending 
the solution is the same as in the minimal theory — the details are presented in Appendix iDl 
There we show that the geometry of a spacelike section of the horizon is the product of a circle 
of radius L and a round 2-sphere of radius q/2, 

,2 



2 + sin^ Odx^) , 



(3.29) 



^We assume > so the inequality H3.25|l requires Qi to lie in the region interior to one of the sheets of a 
two-sheeted hyperboloid in 'S? . One sheet lies entirely in the positive octant of M'^ (i.e. Qi > 0) and the other 
entirely in the negative octant. We have assumed that we are dealing with the positive octant. This justifies 
our earlier restriction H2.8|l . 
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The ring circle is parametrized by the coordinate ip' , which is a good coordinate on the horizon, 
while -0 itself is not. These coordinates differ by a function of y (see flD.l|) for details) and 
hence have the same period 2tt. The 5*^ coordinates are x = ~ ^^id cos^ = x, which are 
well-behaved at the horizon. The horizon area is 



Ah = 271"^ Lq^ 



(3.30) 



Observe that the proper circumferential length of the ring horizon is 27rL, not 2tiR, and can 
be arbitrarily large or small for fixed R. In a form more symmetric in the three constituents, 

,1 1/2 



L 



Q1Q2Q3 



TT 



,4G5(J^ — Jfjj) 



IT 



(3.3i; 



When L = 0, it is shown in appendix ID. 31 that the solution has a null orbifold singularity 
instead of a regular event horizon. 

Finally we should mention that the restriction ()3.25p guarantees only that CCCs are absent 
in the region exterior to the event horizon of the black ring. There will certainly be CCCs 
present behind the event horizon. 



4 The double helix: D1-D5-P black supertube 

The solution of eleven-dimensional supergravity given in section |21 can be Kaluza-Klein reduced 
to a solution of type IIA supergravity and then dualized to a type IIB solution with net charges 
Dl, D5 and momentum (P). We study here the properties of this black supertube solution. 



4.1 The IIB solution 

Perform a KK reduction of ()2.2j) along zq, and T-dualize on Z5, 2:4, (using [HIj) to get a 
IIB supergravity solution. The solution has D1-D5-P charges and Dl, D5 and Kaluza-Klein 
monopole (kkm) dipoles. The D1-D5-P supergravity solution describes a three-charge black 
supertube. In string theory, a D1-D5-P supertube is actually a double D1-D5 helix that carries 
momentum in the direction parallel to its axis, along z = z^, and which coils around the 
direction of the ring ip. The Dl and D5 branes are bound to a tube made of KK monopoles 
spanning the ring circle and zi, Z2, Z3, Z4, with the direction z being the U{1) fiber of the KK 
monopoles. In array form 

Qi D5: z 1 2 3 4 _ 
Q2 Dl: z _ _ _ _ _ 
Q3 P: . 

gi dl: _____ ^ ^ 

d5: _ 1 2 3 4 
53 kkm: (z) 1 2 3 4 tjj . 
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Dualizing the supergravity solution as described above, we find that the string frame metric of 
the D1-D5-P black supertube is 

ds^ = -{X'Y/'ds] + {X')~'/^dz + A'Y + X\XY^^dzl 

^ -Xdt + uf + -^={dz + A^Y + ^HJhd^l+\l^dzl, (4.2) 



H^\/ H1H2 V H1H2 V Hi 

where dsf, X*, and are given in ()2.3|1 .^ The other non- vanishing fields are the dilaton and 
RR 3-form field strength: 



The Bianchi identity and equation of motion of F^^^ are satisfied as a consequence of the Bianchi 
identities and equations of motion of the D = 5 gauge fields and F"^. 

This solution can be S-dualized to give a purely NS-NS solution of type II supergravity, and 
it then describes an F1-NS5-P supertube. A trivial T-duality along any of the flat directions Z4 
of the NS5 brane maps the F1-NS5-P supertube to a solution of IIA supergravity, which when 
uplifted to eleven dimensions along a direction z provides an embedding in D=ll supergravity 
different than the one in ()2.2j) . This new embedding describes M2 and M5 branes that intersect 
over a helical string, and which are bound to a tube of KK monopoles. Reducing it along z 
yields a supertube with D0-F1-D4 charges bound to D2-D6-NS5 tubular branes. T-dualizing 
this along z gives back a D1-D5-P supertube with the charges Qi shuffled compared to the first 
configuration (H?T|l -(l01l. 

Due to its particular relevance to the microscopic CFT description of black holes, in the 
following we will mostly focus on the D1-D5-P version of the solution. We assume that the 
directions Z4 are compact with length^ 27r£, while the length along z is 271 R^. The numbers of 
D5 and Dl branes and momentum units are then 



and the dipole components 

= ^ (^) (^) * ■ ""^ = i (^) * ■ 

where Qs and ig are the string coupling constant and string length. The quantization condition 
on the KKM dipole will be rederived below. 

^Any supersymmetric solution of IIB supergravity must admit a globally defined null Killing vector field 
For this solution it is easy to see that d/dt is globally null. 

^For simplicity we use the same letter £ to denote the compact radii in the IIB solution as in the D = 11 
solution, even if they are not invariant under the dualities that relate them. We hope that this does not cause 
any confusion. 



16 



4.2 Structure of the D1-D5-P supertube 

4.2.1 KK dipole quantization 

The solution ()4.2j) possesses non-trivial structure along the sixth direction so it is more 
appropriately viewed from a six-dimensional perspective. The quantization of the KK dipole 
charge follows then from purely geometric considerations . The metric ds\ is clearly regular 
at x = —1 and y = —1. However, A?' is not regular at x = 1 unless we perform a gauge 
transformation. This gauge transformation is a shift in the coordinate z: 

z ^ z = z — q^cp (4.6) 

under which the dangerous terms transform as 

dz-'^{l + x)d(f) = dz + ^{l-x)d(f), (4.7) 

which is now regular at x = 1. However, z parametrizes a compact Kaluza-Klein direction, so 
z ^ z + 271 Rz. This implies that the coordinate transformation ()4.6|1 is globally well-defined 
only if 

gs = riKKRz, (4.8) 

for some positive integer ukk (as we know gs > 0). Hence the dipole charge gs is quantized in 
units of the radius of the KK circle, as expected for a KK monopole charge. This is dual to 
the quantization conditions (j4.5|) . 

4.2.2 Horizon geometry 

The D = 5 no-CCC condition ()H.25|1 is sufficient to ensure that the HB solution is also free 
of naked CCCs because the extra terms in the metric ()4.2|) are manifestly positive.'' Subject 
to the quantization condition ()4.8|) . the HB solution is regular at finite y. As y ^ — oo, the 
conformal factors multiplying the three terms in the first line of ()4.2|) remain finite and non-zero 
(since they just involve powers of the D = 5 scalar fields). We know that ds^ is regular at 
y = —oo when L > so it remains only to show that dz + is also regular there. The gauge 
transformation that achieves this is described in appendix |D| It is then apparent that y = — oo 
is an event horizon of the HB solution. 

^We shall not determine whether this condition is also necessary for CCCs to be absent in the IIB solution 
since the D = 5 description seems to be more relevant (and more stringent) for the purpose of analyzing causal 
anomalies. In the case of the BMPV solution it is known that CCCs can be removed from the IIB solution by 
working in the universal covering space, and only appear when the z direction is compactified |28|. This is not 
the case here. For instance, the ipip component of the IIB metric is not automatically positive near the horizon 
without imposing some condition — and H3.25|l is sufficient for this. 
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Following appendix El the geometry of a spatial slice through the event horizon is (in string 
frame) 



-^dr + ^^4^ ide' + sin^ Mx') 

53 



(4.9) 



dz! — ^(1 + cos 6)dx 



qiQi + q2Q2 - q^Q^i , 

# 

2gig2 




where, recall, q = {qiq2q3Y^^ and cos^ = x. The coordinate z' differs from z only by a function 
of y, and hence has the same period 2'irRz. The coordinate transformation 



qiQi + 92^2 - ^363 
2gig2 



(4.10) 



reveals that this is locally a product of S^, parametrized by with a locally geometry 
parametrized by {z", 9, x) (and T^). The locally part is only globally in the special case 
^KK = 1- For nxK > 1 it is a homogeneous lens space S^/Zn^^^. Note, however, that the 
coordinate transformation ()4.10p is not globally well-defined unless 



qiQi + q2Q2- q^Qz = 2qiq2mRz 



(4.11) 



with m an integer. In this special case the horizon geometry is the product x {S^ /Zn^^j^)- 
If this equation is not satisfied then the horizon geometry is given by a regular non-product 
metric on x [S^/Z, 



riKKJ 



To avoid confusion, we emphasize that equation (j4.1H) does not 
have to be satisfied in general but, when it is satisfied, the geometry of the horizon factorizes. 
It is worth observing that in this case the no-CCC bound ()3.26|) . and also the expression for 
the entropy, simplify considerably. 

The near-horizon limit of the IIB solution is obtained by defining y = —E?/{eLf), t = t/e 
and e ^ 0. In terms of the coordinates regular at the horizon introduced in appendix [Ul we 
take f = eLr/R, v = v/e. In this limit we obtain a locally AdSs x S*^ x spacetime^: 



ds' 



2q 



^ Vqm 
qs 



idvdr + 



dz 



4L qL^ 
rdvdip -\ 

VM2 
y(l + cose)dx - 



^fm'2 



d^jj'^ + 



qz^fqiq^ 
4 



dO"^ + sin^ Odx' 



(4.12) 



qiQi + ^2^2 - gsQs + q^ 
2gig2 




The near horizon metric (j4.12p is locally the same as that of (oxidized) BMPV. Note however 
that the roles of some coordinates, like if)' and z' , are exchanged relative to BMPV. We will 
revisit this issue in section 16.41 

^Formally, this is the same as the oxidation of BMPV: see equation (6.8) of |22j with u ip' , V'' 2z"/93, 
(/) — + X- (Lens spaces do not arise from an asymptotically flat BMPV black hole but they do arise from obvious 
quotients of BMPV. They can also arise in the near- horizon geometry of oxidized D — A black holes [64\.) 

^This is the string frame metric. For consistency with notation to be used later, we have changed 9^6. 
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The area of the horizon is interpreted as usual as associated to an entropy. Expressed in 
terms of the brane numbers, the entropy of the D1-D5-P black supertube is 



5 



(4.13) 



where we have defined, in analogy to ()2.9|) . 



Dl — 



D5 — 



(4.14) 



An alternative form is 



S = 2ttJ [NmNm - ATdiATds] Np + [^m^^D5 - ^kk( - J<^)] ^DiUm - Jl 



(4.15) 



which suggests the interpretation that the system decomposes into two sectors, with central 
charges c' = 6 [NdiNd^ - MBiMm] and c" = GA^diATds. 

It is also worth noting that, in terms of integer brane numbers equation 1)4.111) is 



Note that all dependences on the moduli Qs, Rz/^-s and drop out from this equation. It 
would be interesting to understand its microscopic origin. 

5 Non-uniqueness 

A supersymmetric black ring solution is completely specified by the seven dimensionful param- 
eters Qj, gj, and R. Such a solution carries only five independent conserved charges: three 
gauge charges proportional to the Qi and two angular momenta and J^. The mass of the 
solution is not an independent charge since it is determined by the saturated BPS bound in 
terms of the gauge charges. The three dipole charges of the solution, proportional to the g,, 
are not conserved charges. Equations ()3.13|) can be used to eliminate R and one combination 
of the dipoles in favour of and J^. The remaining two dipoles can still be varied continu- 
ously while keeping the conserved charges fixed. Supersymmetric black rings are therefore not 
uniquely determined by the latter, but exhibit infinite non-uniqueness in the classical theory. 
In this section we will examine several aspects of this non-uniqueness. 

To simplify the analysis, let us take all gauge charges to be equal, Q = Qi. The BPS 
bound then fixes the ADM mass to be M = SirQ/lAG^). Since we wish to compare properties 
of different rings with the same mass and gauge charges, we define the dimensionless angular 
momenta, horizon area and dipole charges as 



^diA/'ds + ^dsA/di - ^kkA/'p = 2m noinos • 



(4.16) 





(5.1) 
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and 



_ v37r q^ _ qi 

2 (G5M)V2-^- ^^-^^ 

Note from that > jcf,. By (12 .Sj) . the ?7j's must satisfy ?7j?7j < 1 for i 7^ j. As discussed 

above, we can ehminate one of the parameters rji. Solving for rjs gives 

.3= '^/* (5.3) 

For a regular horizon we need rji > and hence 4\/2 > + 772- 

It is illustrative to specialize to the case r/i = r/2 = r], i.e., equal pitches for the Dl and D5 
helices. Substituting in 773 as given above, we find 



167ri/2 

an = 



1/2 

(5.4) 



33/2 

Since 4:\/2j^ > ?7i + ?72 = 2// and r] < 1, we require 

< Jr = ^^[^ (3 + V') - 2v^J,(l + r^^)] . (5.5) 

This is just the condition ()3.25p needed to avoid naked CCCs. For the BMPV black hole, it is 
well-known that requiring the spacetime to be free of naked CCCs imposes an upper bound on 
the angular momenta. However, in the case of BMPV the angular momenta must be equal in 
magnitude and there is no equivalent of the non-uniqueness parameter (dipole moment) t], so 
the bound comes out much simpler than ()5.5p . 

In PH]; we studied the supersymmetric black rings obtained from the general solutions 
of Section 121 by taking all charges Qi equal and all dipole moments qi equal. That specialized 
system does not exhibit non-uniqueness, since the three-parameter solution is specified uniquely 
by the conserved charges (the net charge and the two angular momenta). In particular, we 
plotted in ^Hl the horizon area an as a function of and j^. For the more general case at 
hand, we can make such a plot for each value of rj. As an example, figure IH shows an vs and 

for fixed t] = 0.4. Note that for non-zero dipole moments, there are upper and lower bounds 
on both angular momenta (a feature present also in non-supersymmetric rings 0). It would be 
interesting to understand the precise microscopic origin of these bounds and how they depend 
on the dipole moments. 

The expression ()5.4|) for the horizon area an illustrates the non-uniqueness: the net charges 
are fixed and even when both the angular momenta are specified, we can still vary r]. In 
particular, we can fix and j^, and plot the entropy an as a function of rj. More generally, 
we can include both 771 and 772. Then we can use one parameter to fix the horizon area an and 
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79 
185\/2 



1 

5\/2 




5V2 •^■^ 4^2 



Figure 4: The dimensionless area an as a function of and for fixed r/ = 0.4. Note that the 
third dipole charge is not held constant, but is determined by the other parameters. Darker regions 
correspond to smaller area. On the left, the triangular region is bounded by the line j,^ = j^. The lower 
bound is a consequence of j,^ being bounded from below for non- vanishing dipole moment: 2\/^j^ > rj. 
The region is bounded on the right by the line determined by j™^^ in 1)5. 5(1 . This is a consequence of 
requiring that there are no naked CCCs. The area an vanishes at the bottom and right boundaries 
of the triangular region. For fixed j<^, an is maximized when j^. 

still have another parameter to vary. We conclude that for given net charges Qi and angular 
momenta j^,^, there are infinitely many supersjTumetric black rings with the same horizon area, 
except for the black ring that maximizes the area, which is unique. This might suggest to recover 
a notion of uniqueness, at least among supersymmetric black rings, by adding the condition that 
the solution have maximum entropy for given conserved asymptotic charges. We emphasize, 
however, that this additional requirement is absent from the traditional notion of black hole 
uniqueness, and is also known to be insufficient to distinguish between non-supersymmetric 
black rings and black holes of spherical topology p. 

Figure El illustrates the non-uniqueness of supersymmetric black rings. It shows for fixed 
values of and the horizon area an as a function of the dipole parameters rji and 772. The 
bounds of the covered region are set by the requirement that there be no naked CCCs. 

Now consider what happens when we uplift the supersymmetric black ring to a D = 10 
D1-D5-P supertube, as described in section EJ In the quantum theory, the net charges and 
dipoles are quantized in terms of the number of branes in the D1-D5-P configuration. Using 
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0.45 r/2 0.63 772 m 0.99 



Figure 5: Contour plots of the dimensionless area an versus rji and r]2, for fixed values of and j^. 
For all three plots A\/2j^ = 2.1, but j(f, varies for each case: from left to right 4\/2j(/, = 0.7, 1., 1.7. 
The plots are symmetric in rji and r]2, and the darker regions correspond to smaller area. The regions 
for which the black rings exist are bounded by the condition that there be no naked CCCs. At this 
boundary, the area vanishes. 

()4.4j) and ()4.5j) . we find that the restrictions ()2.8j) on the net charges Qi and dipole moments qi 
become 

A^D5 > ^D5 ^KK , A^Dl > '^Dl '^KK , Np > Wdi ^05 ■ (5.6) 

So the number of Dl- and D5-branes and units of momenta restrict the number of dipole branes 
and KK monopoles. This shows that upon quantization of the charges, the non-uniqueness 
becomes finite (but still very large). 

6 Particular cases and limits 

In this section we study various limits of the supersymmetric black ring solution. First in 
subsection 16. 11 we consider the limit i? — where the solution reduces to the BMPV black hole. 
In the infinite radius limit i? — * 00, the black ring becomes a black string in five dimensions. 
We show in subsection 16.21 that in this limit our solution reproduces the black string metric 
found in [12]. Subsection 16.31 contains special cases of the general black ring solution: one is 
the original two-charge supertube solution [HI [7] , the other the three-charge solution with only 
two nonzero dipole moments. Finally, in subsection 16.41 we study the decoupling limit relevant 
for the AdS/CFT correspondence. 
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6.1 BMPV black hole 

Consider the solution in the (p, 6) coordinates of ()3.ip - ()3.3|) ^°. If we set i? = we find 
Hi = l + Qi/p^ and 

4G5Jcos^9 4G5Jsin^e , tt-i,,,^ x n 

uj^ = uj^ = —, A = Hi [dt + uj), (6.1) 



where 



TT 



J = [iiQi + (I2Q2 + QsQs - qiq2qz] ■ (6.2) 

This is the BMPV black hole with three independent charges Qi and angular momenta = 
J(f> = J |in|- Note that the parameters Qi have become redundant since they enter the solu- 
tion only through the angular momentum J. In particular, they no longer appear in and 
therefore no longer have the interpretation of dipole charges. The horizon is located at p — *• 0. 
Topologically the horizon is a three-sphere. The horizon area is 



ABUPV = 27r\ Q,Q2Q3-[^^] . (6.3) 



TT 



This is not the R ^ limit of the horizon area of the supersymmetric black ring ()3.3U|) . 



hm Aing = 2n'^Q,Q2Q3 - Q1Q2Q3 - [—^) ' (6-4) 

which is always smaller than that of the BMPV black hole with the same asymptotic charges, 
except possibly when both areas vanish. The areas are compared in fig. IHl for the particular 
case of equal charges Qi = Q and dipoles = q, i.e., for the solutions of minimal supergravity. 

A clue to a (macroscopic) understanding of this effect follows by considering an analogy to 
a two-center extremal Reissner-Nordstrom (RN) solution. Observe that if we take a diameter 
section of the black ring solution, at constant ip and + vr, then the resulting four- dimensional 
geometry contains two infinite throats and therefore is similar to the geometry of two extremal 
black holes. The limit in which the inner radius of the ring shrinks to zero is in this sense 
analogous to the process in which the two centers of the extremal black holes are taken to 
coincide. If two RN extremal black holes, each of charge Q, are separate, the total mass is 2Q 
and the total area is 2(47r(5^). When their centers coincide the mass is still 2Q but the entropy 
jumps to 47r(2Q)^. So the limit of zero separation is discontinuous, and indeed the topology of 
the solution changes. This same effect occurs for the black ring: the area of the solution with 
R = 0, i.e., the BMPV black hole, is larger than the limit i? — of the ring area, and the 
topology of the two solutions are different. 



4G5J" ' 



10 



The limit can equally well be taken in the (r, 0) coordinates (|3.7|l : when R = one has p — r, Q ~ 9. 
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an 




Figure 6: Area of the BMPV black hole (dashed) and limit i? — > of the area of the super symmetric 
black ring (solid), vs. spin^, for fixed mass (in terms of the variables an and j in ()5.1() ). For simplicity 
the three charges and dipoles are set equal, Qi = Q, qi = q so these are solutions of minimal D = 5 
super gravity. 



6.2 Infinite radius limit 

In this limit we take R ^ oo, but keep the charges per unit length along the tube {271 R) 
finite by defining finite linear densities (the factors fi„ account for different dimensionalities of 
spheres for integration) 

Qi 2^3 Qi 



Qt 

^ 2tiR ^2 2R 
We keep qi fixed and define finite coordinates f, 9, rj by^^ 



-R/y, cos9 = x, T) = Rip . 



Then we get 



Hi 



1 + ^ + ^ 



gi + g2 + g3 _^ qiQi + 92^2 + g^Qz _^ gig2g3 

2f Af'^ 9if^ 



0, 



dr], 



(6.5) 
(6.6) 

(6.7) 

(6.8) 
(6.9) 



with H2 and given by permutations of (123). With this we reproduce the metric for the 
'fiat supertube' in |ll6j . 

These r, 9 are the same as introduced in the near-horizon study of appendix IdI 
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6.3 Simpler supertubes 



6.3.1 Two charges and one dipole 

The original supergravity supertube solutions in D = Q [SHI IHZl IZ| correspond to setting Q3 = 
and therefore qi = q2 = 0. In this case = and = {tt / AG^)R^qz. The bound ()H.25j) 
is trivially saturated, but this inequality is only sufficient to eliminate CCCs when > 0. In 
the present case, it is easy to use the results of Appendix [0 to see that the necessary and 
sufficient condition for the absence of CCCs is^^ g| < QxQ^jP^^-, which agrees precisely with 
the worldvolume analysis of these supertubes in jSlEI- 



6.3.2 Three charges and two dipoles 

The solution with ga = and (5i,2,3 7^ 0, q\^2 7^ 0, is more complicated than the previous one 
in that the BPS equations that it solves are non-linear and therefore the functions Hi are not 
harmonic. There are also two independent angular momenta. 

The solution can be interpreted as a helical D1-D5 string carrying momentum in the direc- 
tion of the axis of the helix, along which it is smeared, but this time the KK monopole tube 
is absent. It is different than the D1-D5-P gyrating strings of [38j, since it has two indepen- 
dent angular momenta and the area is always zero. In fact, now there is a naked curvature 
singularity at ?/ = — 00 where R^yW^ diverges. 

Absence of causal anomalies imposes again constraints on the parameters. Equation ()H.25j] 
reduces to — (giQi — q^Q'if > so we require 

qiQi = q2Q2. (6.10) 
In terms of quantized brane numbers ()4.4|) . ()4.5|) . this equation becomes 



^Dl '^DS 



(6.11; 



which means that the Dl and D5 helices have the same pitch and can therefore bind to form 
a D1-D5 helix. 

From Appendix C, it is now easy to see that the necessary and sufficient condition for 
absence of CCCs is that the radius R be bounded above like^^ 

^2 ^ {Qs - . (6.12) 

" qiq2{Qi + Q2) 



^^In this case, the first two hnes of equation ljC.3|) vanish, as does the second term on the third line, so the 
leading order (cubic) behaviour as ?/ — > —00 comes from Y . Demanding Y > Q gives this inequahty. 

^•^The first Une of equation (|C.3|I vanishes, as does the second term on the second hne, so the leading (quartic) 
behaviour as y — > —00 conies from X . Demanding X > Q gives this inequality. It is then easy to see that Y > Q 
so the remaining terms in ljC.3|l are positive. 
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Eq. is the precise T-dual (in the z direction) to a constraint found for supertubes 

with D0-D4-F1 charges and D2-D6 dipoles using the worldvolume theory of D6-branes 
Eq. ()6.12j) is very similar to, but not exactly the same as, another equation derived in for 
the same system. We will return to this point in Sec. |H1 

It is perhaps surprising that despite having the three D1-D5-P charges, the area of this 
solution always vanishes. The apparent reason is that near the core at y — — oo the solution is 
mostly dominated by terms involving the dipole moments g^. There is a curvature singularity 
at the core and the moduli also blow up there. However, it will be shown in I^H] that this 
solution admits thermal deformations, i.e., there exists a family of non-extremal solutions with 
regular horizons, which in the extremal limit reduce to the supersymmetric solution with three 
charges and two dipoles. 

One can easily check that the solutions with three charges and one dipole, as well as the 
ones with two charges and two dipoles, always possess CTCs near y ^ —oo. This parallels the 
fact that these supertubes do not have a sensible Born-Infeld description |TSl QB] • 

6.4 Decoupling limit 

In the decoupling limit of the D1-D5-P solution we send a' = i"^ ^ and keep the string 
coupling Qs fixed, in such a way that the geometry near the core decouples from the asymp- 
totically flat region. Our solution contains several more parameters than previous D1-D5-P 
configurations, so we shall describe this limit in some detail. 

We work with the coordinates {r,6) defined in ()H.7|1 . Since we want to keep fixed the 
energies (in string units) of the excitations that live near the core, then r/a' and R/a' must 
remain finite. We are also interested in a regime where the size of the z direction, R^, is large 
compared to ig, so that winding modes can be ignored and the momentum modes are the lowest 
excitations. So when we take a' — > 0, Rz will be fixed, and then also gs as a result of ()4.8|) . 
Further, we take the length scale £ ~ so that the energy scale of both momentum and 
winding modes on the is large. Finally, we keep the string coupling fixed and also keep the 
number of branes and units of momentum fixed. Using ()4.4|) and ()4.5|) the limiting solution is 
obtained taking a' — > while 

r/a', Qi,2/o;', Qs/oi'^, 

R/a', qi,2/a' , qs (6.13) 

are held fixed. Then the length scales in the supergravity solution are arranged as 

r ~ i? ~ ~ < (Q1Q2)'/' ~ v^(gig2)'/' (6.14) 

"'^'^Eq. H6.in(l was also recovered in the infinite radius limit in 
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with Qi ~ Q2 and qi ~ q2- Recall from (j4.ip that Qi, Q2, and Q3 label D5, Dl, and momentum 
charge, respectively, and gi, q2, and q^ correspond to the dipole charges of respectively dl- and 
d5-branes and the Kaluza-Klein monopoles making up the supertube. Observe also that Qi 
scales like Qi. 

After rescaling the metric and the gauge fields and by an overall factor of a', we 
obtain a new solution of IIB supergravity. This decoupled solution has the same form as ()4.2|) . 
(Q with, in the coordinates of (jSIHl), 

rj Qi,2 q2,iq3R^cos29 

-ni,2 = 



2 



Qs 9i92^^ cos2g 
^3 = 1 + ^ ^2 ' (6-^5) 



i?2sin2^ (r2 + i?2)sin2 AGsJri, ,i?^cos2^ 

'^^ = -^^^ i^-^^^ 

while uj^ and A* remain as in ()3.1H) and ()3.12|) . and is as in ()3.13p . We can gauge-transform 
A'^ — s> A^ — dt, i.e., z z — t, so that = H^^ — 1 vanishes at r — 00. It is apparent 
that this decoupling limit amounts to the familiar procedure of "removing the I's" from the 
functions H12 associated to the D5 and Dl branes, with the first term of modified so the 
result remains a solution of the field equations. 

The decoupling limit is not in general the same as the near-horizon limit ()4.12|) analyzed 
earlier. In the near-horizon limit r is taken to be much smaller than R and indeed than any 
other scale in the system, so one covers only a small region of the decoupled solution. Also, 
the near-horizon limit in (j4.12p exists for any black ring, whereas here we are restricting the 
parameters to the ranges in (j6.14|) . These differences between the two limits are in fact also 
present for BMPV [40j. The two limits nevertheless commute, so the new solution has a regular 
horizon of finite area. After an appropriate rescaling, L is the same as ()3.28p . when expressed 
in terms of physical quantities only. A slight difference is hidden, though, in the fact that in 
the decoupling limit — changes to 

(J^ — J<^)dccoupled = TTT-^ 9'3 ■ (6.16) 
4Gr5 

This is simply a consequence of the restrictions (|6.13|) on the relative values of the parameters, 
which imply in particular that ^3 ^ qi2. As a consequence, rings with ^3 ~ qi2 are not 
expected to be fully captured by the dual CFT description of D1-D5 systems. 
At asymptotic infinity, r — > 00, the metric becomes (omitting the factor) 

ds^ {-de + dz^) + ^QiQ2 — + VQ^2{d9^ + sin^ ^ ^^^2 g^^2^ ^ ^g^^^^ 

VQ1Q2 
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so we recover the asymptotic geometry of global (as z is periodic) AdSs times ^ both with 
equal radius 

^oo = {QxQ2Y^^. (6.18) 

For certain particular values of the parameters we get solutions which are everywhere locally 
AdSs X S'^ . This happens when R = 0, i.e., BMPV in the decoupling limit [lU]; and also for 
two-charge D1-D5 supertubes that saturate the CTC bound q^R^ = QiQ2- The decoupling 
limit of the latter is global AdSa times a rotating S*^, with a conical singularity if wkk > 1 |i36] . 

However, in general our solution is (locally) the product space AdSs x only at asymptotic 
infinity and near the horizon. In the latter region this occurs in a rather unusual manner. In 
order to find the near-horizon limit of the decoupling solution in (r, 9) coordinates, near r = 0, 
= n/2, we take the gauge in which Af = H^^ so we are in a frame that corotates with the 
horizon, and define 

r^ = efLcos^^, i?^ cos^ ^ = efL sin^ ^ , t = i/e. (6.19) 

Sending e 0, the geometry that results is the same as ()4.12p . but now in coordinates that 
cover only the region outside the horizon, 

ds^ = ^fdtdi. + ^dV+'-^'^ (6.20) 



+ [Az - |(1 + cos^~)rfx)' + [de^ + sin^ Ux' 



where we use x = ~ and, for simphcity, we assume (j4.11|) is satisfied so that we can use 
a shift z ^ z ^ m R^ip to bring the geometry to a product of two factors. The first factor is 
locally isometric to AdSs with radius 

4h = v^(gig2)'/'. (6.21) 

This factor is globally the same as the near-horizon limit of an extremal BTZ black hole with 
mass and spin 

Mbtz = 2LVg' , Jbtz = MBTz4h , (6.22) 
and horizon at f = 0. The second factor is the quotient space S'^/Z„j^j^, with the same radius 

The appearance of AdS^ x near the horizon is very different from the factorization into 
AdSs X in the asymptotic region ()(i.l7|l . The AdSs near the horizon spans the coordinates 
{i, f, ip) whereas near the asymptotic boundary it spans {t, r, z) — the relation between t and i 
just amounts to the redshift near the horizon, but the other coordinates are not simply related. 

The direction in which the near-horizon geometry rotates is ip. In contrast, in the decou- 
pling limit of BMPV, the near-horizon geometry rotates in the 2;-direction and arises from the 
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linear momentum in this direction. Here the rotation of the near-horizon geometry arises, in a 
sense, from the rotation of the ring, but there is no simple relationship between and Jbtz- 
Furthermore, the radii of the two AdSs's are different 

^oo > 4h. (6.23) 

The curvature of the solution near the horizon is not controlled by the net Dl and D5 charges 
but instead by the dipole charges g^. As a consequence, the simple argument for the statistical 
calculation of the entropy of the BTZ black hole, from the charges under the Virasoro algebra of 
diffeomorphisms at the boundary of AdSa ^tlj, does not seem to apply easily to the computation 
of the entropy of the ring. 

So the full decoupling solution interpolates in a highly non-trivial way between two different 
factorizations of the six-dimensional solution, both of which are locally of the form AdSs x 
S^. Between these two limiting regions, the solution has non- vanishing Weyl curvature and is 
generically quite complicated. Indeed, already when the first subleading terms near r ^ oo are 
considered, the geometry does not factorize. 

This decoupled solution must admit a dual description in terms of an ensemble of super- 
symmetric states of the dual CFT. It should be very interesting to identify and count the 
degeneracy of these states to reproduce the entropy of the black ring. Given the two limiting 
AdS geometries, it might be useful to view the solution as dual to a renormalization group flow, 
with equation ()6.23p implying that the central charge is greater in the UV than in the IR, as 
expected from the c-theorem. 

7 Worldvolume Supertubes and Kahler Calibrations 

Consider three M5-branes intersecting as in the array ()2.H) . with the ■j/'-circle replaced by a curve 
C in the E"^ space transverse to the M2-branes. If C is a straight line, then the worldspace 
of the three M5-branes may be described as that of a single M5-brane with (in general) non- 
singular worldspace S x where S" is a Kahler-calibrated surface of degree four (that is, of 
complex dimension two) embedded in the C'^ = space spanned by the z^, . . . , coordinates. 
This configuration preserves 1 /8 of the thirty- two supersymmetries of the M-theory Minkowski 
vacuum. Here we will show that an M5-brane with worldspace S x C and appropriate fluxes of 
the worldvolume three-form H also preserves 1/8 of the supersymmetries (albeit a different set) 
for any arbitrary curve C in E^. If C is closed then this configuration carries no net M5-brane 
charges, but only three M2-brane charges and three M5-brane dipoles, and thus provides the first 
worldvolume description of a three-charge supertube in which the three dipoles are visible. We 
call this a calibrated supertube. In fact, we will show that any Kahler calibration (of appropriate 
degree to be interpreted in terms of M5-branes) gives rise to a calibrated supertube in a similar 
manner. It would be interesting to investigate the relationship between supertubes and other 
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types of calibrations (SLAG calibrations, exceptional calibrations, etc.), with calibrations in 
more general backgrounds, and with calibrations corresponding to non-static branes. 

To avoid any confusion, it is worth mentioning from the start a limitation of the worldvolume 
description we are about to present. This is the fact that, although the configurations we 
will construct do carry multiple charges and dipoles globally, they may be locally regarded 
as standard two-charge/one-dipole supertubes. Globally, therefore, they may be viewed as 
resolved junctions of standard supertubes, in the same sense that certain calibrations can be 
viewed as resolved junctions of M5-branes. One very concrete manifestation of this limitation 
is that the worldvolume description does not capture the second angular momentum visible in 
the supergravity description. 

Despite this limitation, it is remarkable that such non-singular junctions of supertubes can 
preserve supersymmetry,^^ and we regard the construction below as a first step towards a more 
sophisticated worldvolume description of three-charge black supertubes. 



7.1 Kahler calibrations and intersecting M5-branes 

We begin by reviewing a few facts about Kahler calibrations. We follow closely the discussion 
in |43| I44j . Let = z^^'^ + iz^^ , with j = 1, . . . , n, be complex coordinates on = E^", with 
metric 

n 2n 

ds^ = J2 du^ = ' C^-^) 

i=i j=i 

and 

71 71 

n = -J2du^ ^ du^ = J2 dz^^'^ A dz^^ (7.2) 
the associated Kahler two-form. Then 

^i = -nP (7.3) 

is a calibration of degree 2p in C" {p < n) associated to the group SU{n) jj^. This means that 
the volume of any (hyper) surface S C E^" of dimension 2p is bounded from below as 



Js 



(7.4) 



where ^ are coordinates on S, g is the induced metric on S, and a pull-back of onto S is 
understood. If this bound is saturated, the surface S is said to be calibrated by \E', or Kahler 
calibrated (since ^ is constructed from the Kahler form) . All complex surfaces in C" are Kahler 
calibrated [331 • Since S minimizes its volume within its homology class, a static M5-brane with 
worldspace S x E^~^^ is a solution of the M5-brane equations of motion. Moreover, any two 



Won-supersymmctric supertube junctions have been previously studied in |42j . 
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tangent (hyper)planes to S are related by an SU{n) C S0{2n) rotation, from which it follows 
that a fraction 1/2" of supersymmetry is preserved. 

The Kahler calibrations of interest here are those that have an interpretation in terms 
of intersecting M5-branes, namely those with n = 2,3,4. For n = 2 there is only an SU{2) 
calibration of degree two, corresponding to a Riemann surface 5* embedded in C^. An M5-brane 
with worldspace S" x can be interpreted as the intersection of two M5-branes 

M5: 1 2 _ _ 5 6 7 
M5: _ _ 3 4 5 6 7 

where the space corresponds to the 1234-directions. 

For n = 3 there are two relevant calibrations, of degrees two and four. The first one 
corresponds to a Riemann surface S in C^. An M5-brane with worldspace 5* x E'^ preserves 
1/8-supersymmetry and can be interpreted as describing the triple intersection 

M5: 1 2 _ _ _ _ 7 8 9 

M5: _ _ 3 4 _ _ 7 8 9 (7.6) 
M5: _ _ _ _ 5 6 7 8 9 . 

The SU{3) calibration of degree four corresponds to a surface S of complex dimension two em- 
bedded in C^. An M5-brane with worldspace x E can be interpreted as the triple intersection 

M5: _ _ 3 4 5 6 7 

M5: 1 2 _ _ 5 6 7 (7.7) 
M5: 1 2 3 4 _ _ 7 . 

In both SU (3) cases, the space corresponds to the 123456-directions. As mentioned above, 
the second case corresponds to the M5 intersection in ()2.1|) with the circle replaced by a line. 

Finally, the only SU (4) calibration that has an interpretation in terms of M5-branes is that 
of degree four, which corresponds to a surface S of complex dimension two embedded in C^. 
An M5-brane with worldspace 5 x E can be interpreted as the sixtuple intersection 
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(7.8) 



Although in all arrays above we have displayed the M5-branes as being orthogonal, this 
need not be the case; they can intersect at arbitrary SU{n) angles, which are encoded in S. 

^^An SU{4) calibration of degree two has an interpretation as an intersection of four M2-branes, and one of 
degree six as an intersection of a number of D6-branes. 
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(7.5) 



Let us illustrate this for the SU{3) calibration of degree four, represented by (|7.7|) . The surface 
S can generally be specified as the locus F{ui,U2,U3) = 0, where F is a holomorphic function. 
The choice of F determines the SU{3) angles between the three M5-branes, which arise at 
asymptotic regions of S. As an example, consider F = /1/2/3 — c, where fi = ai are 

linear functions and al and c are constants. The induced metric on S has three asymptotically 
flat regions that can be identified with the three M5-branes. A simple way to determine these 
is to set c = 0. In this case the locus F = consists of three complex planes, /i = 0, /2 = 
and /s = 0, the angles between them being determined by the constants a]. This corresponds 
to a singular intersection of three M5-branes that extend along these three planes. Setting 
now c 7^ smooths out the intersection and hence allows the entire complex two-surface to be 
interpreted as a single M5-brane, but does not alter the orientations of the asymptotic regions, 
which therefore can still be identified with three distinct M5-branes. 

Despite the fact that the arrays above do not necessarily specify the SU in) angles between 
the intersecting branes, each array is useful in summarizing the number of participating branes 
and the set of supersymmetries preserved by each intersection. For example, the configura- 
tion represented by the array (|7.5|) preserves 1/4-supersymmetry, corresponding to the Killing 
spinors rj subject to the constraints 

roi2567 ^ = '7, ro34567 ^ = '7, (7.9) 

each of them being associated to one of the M5-branes. Similarly, the configuration represented 
by ()7.8|) preserves 1/16-supersymmetry, corresponding to any four of the six M5-branes (the 
two projectors associated to any two of the M5-branes are implied by the those of the other 
four) . 

7.2 Calibrated supertubes 

We are now in a position to show that each of the Kahler calibrations above gives rise, through 
turning on appropriate worldvolume fluxes, to a calibrated supertube. Choosing S = ¥? x S', 
with S' a Riemann surface, in the SU{3) and S'f/(4) calibrations of degree four, represented 
by the arrays ()7.8|) and ()7.7|) . we recover the SU{2) and SU{3) calibrations of degree two, 
represented by the arrays (|7.5|) and (j7.6|) . respectively. The two degree-two calibrations can 
therefore be regarded as 'degenerate' cases of the two degree-four calibrations, and for this 
reason we will only discuss the latter two. These give rise to the three-charge/three-dipole 
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SU (3) calibrated supertube 
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and to the four-charge/six-dipole S'f/(4) calibrated supertube 
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In the two arrays above, we have denoted by o the coordinate along the curve C . Note that 

each M5-brane can be thought of as originating from the expansion of a pair of M2-branes, as 

in a 'standard' two-charge supertube. 

Consider therefore an M5-brane with worldspace S xC, where S" is a complex two-surface in 
or and C is an arbitrary curve in E'^ or E^, with a worldvolume three- form flux H = dB2 

given by 

H = da An + dx° AH' , (7.12) 

where again Ti is understood to be pulled-back onto the M5-brane worldvolume. Ti' is a two- 
form determined in terms of H by the (generahzed) self-duality condition satisfied by H, but 
whose explicit expression will not be needed. Closure of H follows from that of Ti. As we 
will see below, this H-finx induces M2-brane charges on the M5-brane as in the arrays fl7.1()j) 
or ()7.11|) . We claim that this configuration preserves 1/8 or 1/16 of the supersymmetries of 
the M-theory Minkowski vacuum, generated by Killing spinors r] subject to the constraints 
associated to the M2-branes, that is, 

roi2?7 = '7, ro34'7 = ^, ro56'7 = ^? (7.13) 
for the three-charge supertube, and 
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for the four-charge supertube. Note that there is no trace of a condition associated to the 
M5-branes, as expected from the absence of M5-brane net charges. 

To prove this, it is convenient to adopt a (static) gauge in which x^, = (x^, . . . , x^), 
and a are worldvolume coordinates on the M5-brane, where a parametrizes the cross-section 
C, specified as = x^{a). For the three-charge supertube ^''), whereas for 

the four-charge supertube x^ = Without loss of generahty we choose a to be the 

affine parameter along C, that is, 6^^ do-x^do-x^ = 1. The complex surface S is specified as 

_ x'^(^x°'')^ where x"^ = {x^, x^) for the three-charge supertube and x"^ = {x^, . . . , x^) for the 
four-charge supertube. In both cases, satisfy the appropriate Cauchy-Riemann equations, 

dix^ = d2X^ , d2X^ = -dix^ , ... (7.15) 

where the dots stand for the same expression with {1, 2} and/or {5, 6} replaced by {3, 4} and/or 
{7, 8}. Note that in these coordinates the only non-zero components of Ti. are 

T-Cab = 5l[a 5b]2 + S3[a 5b]4 + d[aX^db]X^ (7.16) 

for the three-charge supertube, and 

T-Cab = Sl[a 6b]2 + S3[a 5b]4 + d[aX^db]X^ + d[aX'^ db]X^ (7.17) 

for the four-charge supertube. In both cases, the induced metric on the M5-brane worldvolume 
takes the form 

ds^ = -dxl + da"^ + Qabdx" dx'' , (7.18) 

where 

Qab = Sab + daX"" SfoX" 5^n ■ (7.19) 

The number of supersymmetries of the Minkowski vacuum preserved by the M5-brane is the 
number of Killing spinors rj that satisfy the condition TubV = V IIHI, where Fms is the matrix 
appearing in the kappa-symmetry transformations of the M5-brane worldvolume fermions. We 
work with a unit-tension M5-brane and the covariant formulation of jUj, which contains an 
auxiliary scalar field a that we eliminate by the gauge choice a = x^. Under these circumstances 
the kappa-symmetry matrix takes the same form for the three- and four-charge supertubes, 
namely, 

Hab led -la (P. + 71234) 



r 



M5 



(7.20) 



\/de^^g^^^^l^h~b) 
where e^^^^ = +1, 

'ya = Ta + dax"'T^, = d^x^ T ^ (7.21) 

^^If the curve C is not closed but instead extends to infinity, then there are net M5-brane charges, and there 
is also a net linear momentum. The preserved supersymmetries are still the ones above because the linear 
momentum cancels exactly the M5-brane charges in the supersymmetry algebra [5|. 
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are the worldvolume Dirac matrices induced by the spacetime, constant Dirac F-matrices, 
7n...in 7[n7i2 ' ' ' Tin]' 

1 afecd^^^^^^ (7.22) 
o 

is the momentum density along da-, and 

\ ^cdef 

hab = 9ac 9bd ; , , T^ef ■ (7.23) 

2 V det g 

Making use of ()7.13|) . ()7.14p . ()7.15|) . ()7.16|) and ()7.17|) . a tedious but straightforward calcu- 
lation reveals that 

71234 r/ = -P. r], (7.24) 

where 

P^ = l + 6''^dax'^dbx'^ (7.25) 

for the three-charge supertube, and 

Va = l + 5"^ dax^ dbx^ + 5"^ dax^ dbx^ + e'^*"'^ daX^ dbx^ dcx'^ ddX^ (7.26) 

for the four-charge supertube. We note that the Cauchy-Riemann equations imply 6°''' daX^ d^x^ = 
S"'^ daX^ dbX^ , and analogously with {5,6} replaced by {7,8}. 

It follows that the two terms inside the round brackets in ()7.2()j) cancel each other, and 
hence all information about the cross-section C, which is entirely encoded in 70-, drops from 
the supersymmetry equation. This now reduces to 

^ e'''"' Hab ToTcd V = Vde^i9ab + hab)v ■ (7.27) 

Using again ()7.13p . ()7.14|) . ()7.15|) . ()7.16p and ()7.17p . one can verify that this equation is identi- 
cally satisfied, with the determinant given by 



y/detigab + hab) = 2 ^/ det g^b = . (7.28) 

Essentially the same arguments given above can be used to show that these supertube 
configurations saturate the bounds found in |1H1 HSj- It is worth remarking, though, that 
the configurations studied in detail in those references all have zero momentum density, i.e., 



7.3 Physical properties 

In this section we will show that a calibrated supertube can be regarded, at a given point, as 
a standard supertube with one M5 dipole and two M2 charges. For the standard supertube, 
supersymmetry fixes both these densities and the shape of the tube in the directions transverse 
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to the cross-section (i.e., it fixes S) For a calibrated supertube, stability is instead 

achieved locally in such a way that the only restriction on this shape is that be a calibrated 
surface; the charge densities may then also vary, as they are given by the pull-back onto S of 
the Kahler form. This allows the calibrated supertube to carry, globally, more than two net 
charges and one dipole, as we have seen above. In this sense, the worldvolume three-charge 
supertube constructed in this paper may be regarded as a smooth junction of three two-charge 
supertubes associated to the three asymptotic regions of S. 

The cross-section of the calibrated supertube, like that of the standard one, is supported 
against collapse by the 'centrifugal force' associated to the Poynting momentum density gen- 
erated by the product of the worldvolume charge densities. To see this, we note that the 
momentum density Va is, at each point, the product of the two M2-brane charge densities car- 
ried by the M5-brane at that point. Recall that the M2-brane charge density in the a6-directions 
tangent to a given point on the M5-brane is given by the momentum density 11"* conjugate to 
the worldvolume two-form potential Bab- This is because the M5-brane action depends only 
on the background-covariant combination H + A, where H = dB2 and a pull-back onto the 
M5 worldvolume of the supergravity three-form potential A is understood. It follows from this 
that the M2-brane charge density carried by the M5 is 



dC 



M5 



OA 



Oab 



dC 



M5 



^=0 (J-Dab 



dBa 



= . (7.29) 

^=0 



This momentum is determined in terms of the worldspace components of H by the constraint 
associated to the self-duality condition of H ^U]. In the present case it takes the form^^ 

nafe^ l^afecd^^^^ (7.30) 

SO Va may be rewritten as 

Va = leabcdll'''ll"'. (7.31) 

o 

Now, at each point on 5* an orthonormal basis of its tangent space may be chosen such that the 
antisymmetric tensor 11°* is skew-diagonal, with skew-eigenvalues 11 and 11'. These measure 
the magnitude of the two independent M2-brane charge densities at the given point, whereas 
the orthonormal basis determines their orientations. In terms of these densities we have 

p<, = nn', (7.32) 

as anticipated. 

Equation (|7.32p is completely analogous to that for a two-charge standard supertube [HI U\ ■ 
We now show that the rest of the relations between the charge densities, the angular momentum 

^^Iii the simplest case of a D2-supertube, it forces the charge densities and shape to be either constant or 
those of a D2-BIon. 

^^For ease of notation we are absorbing a factor of 4 in 11°'' with respect to the definition of j5()| . 
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and the size of the cross-section also are, at a given point, as those of the two-charge supertube. 
For simphcity, we assume that C is a circle of radius R in some plane, so we set a = i??/'. It 
is important to remember that the densities that enter these relations are densities per unit 
area of S, obtained by normalizing by v^det gab and integrating over C. The normalization is 
most easily accounted for by working in the orthonormal basis used to define 11 and 11', so that 
det = 1. By virtue of the second equality in ()7.28|) . this implies 

= nn' = 1 , (7.33) 

as for the for the standard supertube jH|. The C-integrated M2-brane densities are 

g = ^[dan = RU, g' = ^ [ daW = RW , (7.34) 



27r Jq 27r j(j 

where we have used the fact that a is the affine parameter along C and that 11, 11' are a- 
independent. It then follows from ()7.33|) that 

R=^f^'. (7.35) 

Similarly, the angular momentum is 

J^ = ^ f daV, = R\ (7.36) 

^TT Jc 

and hence 

J = qq' . (7.37) 

We thus see that i?, J, q and q' obey the same relations as for a standard supertube with unit 
dipole, i.e., constructed from a single M5-brane. If instead n M5-branes are superposed, then 
these relations become 

R=\/~Q^/n, J = QQ'/n. (7.38) 

We conclude by showing that the energy of the calibrated supertube may be written as the 
sum of the corresponding M2-brane charges, as expected from supersymmetry. The M5-brane 
energy density E can be extracted from j3T]. In our case it takes the form 

E"^ = 2Vl + det{g + h) = QVl . (7.39) 

Integrating over the M5-brane worldspace and using the definition ()7.22|) of Va we obtain the 
total energy 



E = [ da d*x S = VQ [ dad*xV„ = — ! da AH AH. 

JcxS JcxS 2 JcxS 

Employing now the definition ()7.2p of H, this becomes 

E = — V / da A dx"^-^ A dx^^ AH = — y^Q,, (7.41) 
2 ,=1 JcxS 2 



(7.40) 
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as we wanted to see. In the above expression appropriate pull-backs onto the M5-brane are 
understood, as always, and we have used the fact that the total charge Qi associated to an 
M2-brane in the 12-directions is 

Qi= dcrd^xU^^= / dad^xnM= I da A dx^ A dx^ AH , (7.42) 

JcxS JcxS JcxS 

and similarly for the rest of the Qj. In this last equation 7-^34 stands for the 34-component of 
the pull-back of H, as opposed to the 34-component of H itself. 

8 Supergravity vs worldvolume description of three-charge 
supertubes 

In the previous sections we have provided a detailed description of three-charge supertubes 
within supergravity. We have also developed a worldvolume construction of supertubes with 
three charges and three dipoles in Section [7| A third framework for describing these systems, 
in terms of the microscopic CFT of D1-D5 systems, is currently under investigation. For two- 
charge supertubes, the agreement between the supergravity and the worldvolume descriptions 
is perfect jOl 13 IE] • Here we offer some preliminary observations aimed at exploring whether a 
similar connection for three-charge supertubes may exist. 

In order to investigate this, let us take the two-charge supertube as the basic 'building block'. 
For the sake of generality and simplicity, we phrase the discussion in terms of supergravity 
charges Qi, qi instead of quantized brane numbers which would require singling out a specific 
U-duality frame. 

For the two-charge supertube, both the worldvolume and supergravity descriptions (and the 
CFT too) yield the same relations between the parameters, 

^J, = R\, = ^. (8.1) 

It is convenient to assume that the supergravity no-CCC bound is saturated, since then the 
correspondence with worldvolume supertubes is particularly simple jZllH]. AH the Qi and Q2 
branes are 'dissolved' in the supertube, thus contributing to the angular momentum, and the 
profile of the supertube is uniquely fixed to be circular. 

Consider now three-charge/two-dipole supertubes. Using either the worldvolume analysis 
of [T3] or our results from supergravity one obtains ()6.10|) (also easily interpreted within the 
microscopic D1-D5 view, see ()fi.ll|l ). 

Let us now regard this supertube, within the worldvolume view, as the superposition of 
two two-charge supertubes of equal radius R, one with parameters (Qi, Q'^, g'2), the other with 
{Q2,Q3,qi), and total charge Q3 = Q'^ + Q'^. In terms of the worldvolume construction of 
sectional this simply means that the intersection between the tubes is not resolved but remains 
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singular. Assume that each supertube separately satisfies corresponding relations (|8.H) . Then 
it is easy to derive [T3] 

Qs = R\q2 %^ . (8.2) 

The supergravity analysis, which does not allow for simple superpositions of the two supertubes 
but includes instead non-linear interactions, yields, in contrast, the CTC-bound ()6.12p which, 
when saturated, can be written as 

(In this case Qi = Qi, Q2 = Q2 but Q3 < Q^.) This suggests that in order to recover the 
supergravity expressions from the worldvolume we must replace 

Q^-^Q^. (8.4) 

Qi is then seen to play the role of an 'effective charge'. The origin of this 'replacement rule' is 
unclear. Q3 and Q3 coincide when Q3 ^ This is the case if we take the limit of very large 
radius while keeping finite the linear density of Q3, so Qs ~ R, while ~ (see sec. 16. 2|) . 
However, at finite R the worldvolume and supergravity results differ: the supergravity radius 
is smaller, for given charges. This suggests that the discrepancy might be due to closed-string 
self-attraction of the ring, which would cause the tube radius to shrink, and which would not 
be at work in the worldvolume description. However, if this were the case then one might 
expect that, when expressed in terms of quantized brane numbers, the string coupling should 
be involved in the differences between (18. 2|) and (j8.3|) . but it is not. Another possibility is that 
the replacement ()8.4|) arises when the system actually forms a single supertube (or blowing up 
the intersection), instead of a simple superposition. However, the analysis of such single-brane 
supertubes in Section [7| shows no evidence for this effect. Ref. [T3] did also consider proper 
supertubes with three charges and two dipoles, and obtained essentially (|8.2|) instead of (|8.3|) . 
The spin is the sum of the spins of each supertube, so 



TT 



= R\qi + gs) (8.5) 



(independently of whether (j8.4j) is applied or not). This is precisely the leading value of the 
angular momentum at large R. In fact, it seems more appropriate to consider that the spin 
()8.5|) in this worldvolume approach accounts exactly for the value of — J^, but not for the 
self-dual contribution to the angular momentum that includes J^. In the limit R 00 the 
latter vanishes, so the discrepancy disappears. 

One might remark that in the supergravity solutions R is not the proper radius of the ring 
(which, for = 0, actually diverges at y —>■ —00). However, R, as the radius in the base space, 
does play the role of the supertube radius in the two-charge supergravity supertubes ()8.ip . In 
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the supergravity expressions for physical quantities R can always be eliminated in favor of the 
physical charges, dipoles and angular momenta (in particular, using — oc R'^). So we 
can employ it as, at least, a useful auxiliary quantity that can be related to the worldvolume 
supertube radius. 

Now regard the three-charge/three-dipole supertube as the superposition of three two-charge 
supertubes (see also [IS]). Again, this corresponds to considering that the intersection of the 
three M5-branes in Section [7| is not resolved. The supertubes have parameters {Qi,Q2,(l3), 
{Qi,Q3,(l2), {Q2jQ3,Qi)- The total charge of the i-th constituent is Qi = Q'i + Q'l- The radii 
of the three supertubes must be the same, so 

_ Q'lQ'i _ Q'iQ's _ Q'iQ'i /g g\ 

~ ql ~ ql ~ ql ' 

Furthermore, applying ()6.10p to pairwise combinations of the tubes we obtain the constraints 

giQ'i = g3g3, q2Q2 = qiQi. q2Q'2 = q^Q'z- (8-7) 

After some algebra one can write the equation for the radius in the form 

i<j i i 

If we now perform the substitution ()8.4p we recover exactly the condition for saturation of the 
no-CCC bound from supergravity, eq. ()3.25|) . 
The angular momentum is the sum 

^J, = ^ + ^ + ^ = R\q,+q2 + q3), (8.9) 

TT gs q2 qi 

and the same commments apply as in (j8.5j) . If we take this last equation as giving — 
instead of just J^, then it can be combined with ()8.8|) and the substitution ()8.4|) to reproduce 
the condition for saturation of ()3.26p . 

We see that one key feature of the supergravity description that the worldvolume construc- 
tion does not seem to capture is the second angular momentum J^. We must remember that 
the cahbrated supertube presented in the previous section is a solution of the Ahelian theory 
on a single M5-brane. One may therefore speculate that incorporating non-Abelian effects, 
namely working with the theory on more than one M5-brane, is necessary to reproduce J^. 
Although this possibility cannot be discarded without further investigation, it is hard to see 
how this would explain that the solutions with a linear cross-section {i.e., those obtained as 
the infinite-radius limit of the ring) carry zero J^. Here we would like to speculate that the 
explanation may instead be that is not carried by the worldvolume supertube source itself, 
but that it is instead generated as a Poynting momentum by crossed electric and magnetic 
supergravity gauge fields. Although the argument we present is somewhat heuristic, it is based 
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on general grounds and may describe the correct physical origin of J^. In particular, it explains 
why J(/, = for a linear cross-section. 

The idea is that is given by the integral over a spacelike hyper-surface of the Tq^ compo- 
nent of the energy-momentum tensor that appears on the right-had side of Einstein equations. 
Since the only bosonic field of Z) = 11 supergravity other than the metric is the three- form 
potential A, this has a unique contribution, 

Tq^ ~ OrnnpJ^ ^m-"p ^ (8.10) 

which for our solution takes the form 

T T 12m I -77 -77 34m , -77 T 56m ('C 1 1 ^ 

-I- 0(l> ^ 012m (j) + 034m + 056m (f, ■ {°-^^) 

This is indeed a product of electric and magnetic components of JF. We wish to argue on 
general grounds that this must be non-zero for a brane array as ()2.ip except if the ^/^-direction 
is a straight line. 

Indeed, we know the first M2-brane must generate a non-zero component ^012, whose mag- 
nitude must be proportional to Qi. Similarly, the first M5-brane must source a non-zero 
component .4.034561/. of the six-form potential dual to A, whose magnitude must be proportional 
to qi. Analogous statements apply to the other two M2/M5 pairs, so let us concentrate on the 
first pair. 

The key difference between a linear and circular (or, more generally, any non-linear) cross- 
section is that, in the linear case, all fields may depend on a single radial coordinate p in (see 
()3.3p ). because of 5*0(3) rotational symmetry around the string. This means that the non-zero 
components of the gauge potentials above lead to the non-zero components J-'oup, ^03456tpp of 
the corresponding field strengths. Hodge-dualizing JF we see that the only magnetic component 
of T is JF^i2e- It follows that the contractions in (j8.1H) vanish and hence = 0. This is in 
fact the only result compatible with SO (3) symmetry, since any non-zero angular momentum 
in the space transverse to the string would break this symmetry down to U{1). In the case 
of a circular cross-section this breaking is already present from the beginning by the choice of 
plane in which the ring lies. 

Indeed, for a circular cross-section (in fact, for any non- linear cross-section) the contractions 
fj8.11|) do not vanish. This is because now the fields depend on two coordinates 

pi = pcos6, p2 = psin6, (8.12) 

so has non-zero components J^gg^^g^^^ and JF^g^gg^^^. Dualizing we find that has non- 
zero magnetic components J^^upi and J^^i2p2 and therefore that the contractions in (j8.11|) do 
not vanish in general. Moreover, the electric components are proportional to Qi, whereas the 
magnetic ones are proportional to qi, so naively Tq,/, is proportional to Qiqi + Q2q2 + Qsqs- This 
gives the first term in J^, and therefore it satisfies the requirement that it be zero for a standard 
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two-charge/one-dipole supertube. However, it misses the second term in J^^ proportional to 
qiq2(l3- This is because our argument ignored the fact that the electric component A012 is not 
just proportional to Qi but actually contains a term proportional to g2Q'3 (see the expression 
()2.(ij) for Hi). Analogously, the electric components ^034 and A05Q contain terms proportional 
to gigs and gig2, respectively. Each of these electric components, when multiplied by the 
corresponding magnetic component, gives a term proportional to gig2g3. 

The argument above suggests that, although the precise value of J^p depends on some details 
of the solution, the fact that it is non-vanishing follows on general grounds from the presence 
of brane sources oriented as in the ()2.H) . From a mechanical viewpoint, one may say that in 
order to bend the first M5-brane to close one of its directions into a circle, in the presence of the 
first M2-brane, an angular momentum must be generated by the crossed electric and magnetic 
fields they source. 

Although tentative, the observations in this section point to non-trivial connections between 
the worldvolume and supergravity descriptions of supertubes with three charges. The justifi- 
cation of ()8.4|1 remains an important open issue. It is presumably significant that it makes 
appearance only when the BPS equations solved by the supergravity solution are non-linear. 
The perfect agreement observed between worldvolume and supergravity for two-charge super- 
tubes would then seem to be a chance effect of the linearity of the system. In fact there does 
not seem to be any a priori reason to expect perfect agreement. Supersymmetry, in particular, 
does not provide any clear reason for this. The physical origin of needs further investigation 
too. 

Finally, one might note that the supergravity constraints, derived by requiring absence of 
causal anomalies, do not actually fix the angular momentum, for given charges, but instead 
impose an upper bound on it. The cases where the bound is not saturated include the black 
supertubes with non-zero area. From the worldvolume perspective, it has been argued that 
two-charge supertubes with profiles other than circular, which do not saturate the bound on 
the angular momentum jH], are degenerate. Upon quantization, their degeneracy is equal to 
the degeneracy of the Ramond ground states of the supersymmetric D1-D5 string [SlITT]. Thus 
it would seem natural to conjecture that the degeneracy of three-charge worldvolume super- 
tubes obtained by quantizing their moduli space of arbitrary profiles, can similarly reproduce 
the entropy of three-charge black supertubes, possibly after making the substitution ()8.4|) . If 
we consider such a supertube as made of three superposed two-charge supertubes as in the 
construction above, it is easy to see that the no-CCC bound comes out correctly — after mak- 
ing the replacement (j8.4j) — but the entropy is too small. Hence supertubes with L > are, 
not surprisingly, quite more complicated than these simple composites. Even if one considered 
the worldvolume three-charge resolved supertubes constructed in the previous section, it might 
still be that a calculation of their entropy fails to reproduce exactly the Bekenstein-Hawking 
entropy of three-charge supertubes. Instead, our analysis suggests that the worldvolume de- 
scription might only reproduce the supergravity results up to the replacement (j8.4|) . and then 
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accounting only for the non-self-dual part of the angular momentum, — J^. 

9 Concluding remarks 

Supersymmetric five- dimensional black holes are of considerable interest in string theory be- 
cause they admit a simple microscopic description in terms of D-branes [20] • Until now, the 
largest known family of such black holes was the four-parameter BMP V family ^H] • Our work 
has shown that this is a limiting case of a larger seven-parameter family of supersymmetric 
black rings. Clearly the challenge now is to obtain a microscopic description of these solutions 
that correctly accounts for their entropy. 

It is natural to ask whether we have now exhausted the catalogue of supersymmetric D = 5 
black holes. One might be tempted to speculate that there are many further surprises to be 
discovered. These are constrained, however, by the analysis of possible near-horizon geometries 
of supersymmetric black holes in Refs. |31 EH] , which allows for only three possibilities (at least 
for the class of D = 5 supergravity theories considered in appendix iB)): (i) fiat space, (ii) 
AdSs X S"^, and (iii) near-horizon BMPV, with corresponding horizon geometry (i) T^, (ii) 

X S*^ or (iii) (possibly a quotient of) a homogeneously squashed S^. It was also shown that 
the only asymptotically fiat solution of type (iii) is the BMPV black hole. Hence if there exist 
any further supersymmetric black hole solutions then they must either have a flat near-horizon 
geometry or they must be black rings distinct from the ones presented here. 

Could there exist supersymmetric black rings distinct from the ones presented here? Our 
worldvolume analysis of three-charge supertubes suggests that there might exist corresponding 
supergravity solutions with profiles other than circular. If such solutions had horizons then the 
results of jU ES] prove that the near-horizon geometry must be the same as for the circular 
black rings presented here, so deviations from circularity would only be apparent away from the 
horizon. On the other hand, refs. IT^ IT^ have constructed regular horizon-free solutions 
with three charges and suggest the existence of a larger class of them. So maybe solutions with 
non-circular cross- sect ions would belong to this class instead. Clearly, the space of physically 
relevant D1-D5-P solutions is far from being completely mapped out. 

The fact that three-charge supersymmetric black rings exhibit non- uniqueness might seem 
at first to be a difficulty for a microscopic description. However, what appears to be an obstacle 
may actually be a very useful ingredient towards a more complete understanding of the Dl- 
D5-P system. It has been argued in [SI E]; in the context of near-extremal solutions, that 
string theory could contain the necessary states to account for black rings. One needs to 
appropriately identify the dipole constituents, or the phase in which the strings are. From a 
thermodynamical viewpoint, solutions that are characterized by the same asymptotic charges 
should be regarded as being only locally stable in general. If we maximize the entropy by 
varying the two independent dipoles we find a unique solution, which should be the only globally 
thermodynamically stable configuration. Still, it would seem that all local equilibrium states. 
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and not only the global maxima, should admit a microscopic description. It would indeed be 
very surprising if string theory could not account for solutions of its low energy supergravity 
limit that seem completely pathology-free. 

A remarkable aspect of supergravity solutions is the way in which they capture highly non- 
trivial constraints between parameters that arise in a microscopic description. It was already 
known for the BMPV black hole and for the two-charge supertube that the condition that CCCs 
be absent yields the correct upper bounds on angular momentum required by the microscopic 
CFT or worldvolume theory.^'' For supertubes with three charges we have observed similar 
non-trivial results in section |H1 However, the worldvolume description falls just short of perfect 
agreement with supergravity: a basis has to be found for the simple (partial) fix of ()8.4j) . The 
origin of also needs to be better understood. Although we have presented a speculative 
explanation for this origin, further investigation is clearly needed to establish a connection, at 
the same level as that for two-charge supertubes, between the worldvolume and supergravity 
constructions of three-charge supertubes studied in this paper. 
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^°Such constraints from supergravity do also arise, alternatively, from the requirement that the solution 
admits a thermal deformation. 
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Appendices 



i? *5 1 - 2F A *5i^ pFAFAA , (A.l 



A Derivation of the ring in minimal 5D supergravity 

A. l Supersymmetric solutions of minimal supergravity 

Minimal D = 5 supergravity is a theory with eight supercharges with bosonic action 

where F = dA. Any supersymmetric solution of this theory admits a globally defined non- 
spacelike Killing vector field V [30] that cannot vanish jj). In a region where V is timelike, 
coordinates (t, x™) can be introduced so that V = d/dt and the line element can be written 

ds^ = -f{dt + Ujf + f-^hmndx"'dx'', (A.2) 

where hmn is a Riemannian metric on a four-dimensional space referred to as the "base space" 

B. The metric hmn, scalar / and 1-form ut = uo^dx^ are all independent of t. Supersymmetry 
implies that hmn is a hyper-Kahler metric on B and that the Maxwell field strength is given by 

F = ^d[f{dt + u)]-^G\ (A.3) 
with 

= -f {duj + Mdu) , (A.4) 

where *4 denotes the Hodge dual on B with respect to the metric h^n with orientation defined 
so that the complex structures are anti-self dual. These conditions are necessary for super- 
symmetry; it turns out that they are also sufficient. In the orthonormal basis e° = f{dt + uj), 
e* = /~^/^e* with e' an orthonormal basis for hmn, the Killing spinor equation is solved by |2Z] 

e{t,x) = f/'v{x), (A.5) 

where t] is any chiral spinor on B that is covariantly constant with respect to the Levi-Civita 
connection of hmn- This implies that any supersymmetric background preserves at least 1/2 
supersymmetry. In fact the only allowed fractions of supersymmetry are 0, 1/2 and 1. This is 
easy to understand by noting the isomorphism Spin(l, 4) = Sp(l, 1) under which the irreducible 
spinor representation becomes a quaternion doublet |S21- The Killing spinor equation is linear 
so any solution can be multiplied by a constant quaternion hence the general solution must 
have a multiple of 4 real degrees of freedom. 

We are interested in supersymmetric solutions so we must also impose the equations of 
motion for this theory. The Bianchi identity for F gives 

dG+ = 0, (A.6) 
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and the Maxwell equation reduces to 

4 



9 



9 



(A.7) 



where is the Laplacian on B with respect to h. The Einstein equation is automatically 
satisfied as a consequence of the above equations fI7\ . 

A. 2 Minimal supersymmetric black rings 

We start by choosing the base space to be flat space written in the form of equation ()2.4|) with 
orientation ey^x(f> = +1 (note that flat space admits anti-self-dual hyper-Kahler structures of 
either orientation). We make the Ansatz 



uj = Lj^{x, y)d(f) + u^{x, y)dip. 



(A. 



Equation ()A.6j) gives 



dy [f{uj^^y + UJ^^x)] 



a, 



dx 



We assume 



so ()A.9jl reduces to 
where g is a constant. This determines 



= -g((ix Ad(f) + dy A di})) 



and 



9g^(x — yY 



(A.9) 

(A.IO) 
(A.ll) 

(A.12) 
(A.13) 



Now we seek a solution to equation ()A.7|) . We obtain it as a harmonic piece from solutions to 
the homogeneous Laplace equation V^/~^ = 0, plus a solution to the inhomogeneous Poisson 
equation sourced by ()A.13j) . It seems reasonable to take the harmonic piece to contain a term 
(X x — y, since this is the solution to the Laplace equation in R'^ with delta-function sources on a 
circle of radius R, which appears in two-charge supertube solutions |21 IS] • In order to solve the 
Poisson equation, one looks for a simple enough function of x and y, which is antisymmetric 
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under x y, vanishes at infinity {x,y —1), and is singular on the circle at ?/ — > — oo. A 
quick survey leads to the solution — — ?/^)/(4i?^). Then we take 

r^ = i + ^(--^)-^(-^-A (A.14) 

where we have normalized so that / 1 as x,y —1. Higher harmonics in f~^, such as 
xy{x — y), would lead to more singular behavior on the ring and so are discarded. 

It remains to solve equations (jA.lOjl and (jA.llj) to determine u. Equation (jA.lOj) is equiv- 
alent to 

uj^ = {l-x^)d,W, = (y^ - l)dyW, (A.15) 

for some function W{x,y). Substituting this into equation ()A.11|) gives 

a, ((1 - x')d^,W) + dy {{y' - l)dyW) = ^qf-\ (A.16) 

We demand that vanish at a; = ±1 and uj^ vanish at ?/ = — 1, hence W must be finite at 
X = ±1 and at y = — 1. Looking for a solution of the form W = Xi{x) + Yi{y) leads to 

X[{x) = (3(? - «=(3 + I)) , 

We are free to add a solution of the homogeneous equation (i.e. equation ()A.16jl with g = 0). 
If we look for solutions of the form X2{x)Y2{y) subject to the above regularity conditions then 
we are led to X2{x)Y2{y) oc Pi{x)Pi{y) where Pi are Legendre polynomials. In general, we 
can add an infinite sum of such terms to W. However, in order to avoid the orbits of d/d(j) 
and d/dip being closed timelike curves as ?/ — oo, and can diverge no faster than y"^, 
which restricts us to / < 2. More careful inspection reveals that the norm of d/dip diverges as 
y — > — oo if a / = 2 term is present so we need / < 1, corresponding to the solution 

= -^{l-x')[3Q-q\3 + x) + ky] 

= y(l+y)-^(t/'-l)[3g-g2(3 + y) + A;x], (A.18) 

where /c is a constant. We then find, near y = — oo, 

9^^ = l{k + q')xy + 0{y'') , (A.19) 

so we must choose k = —q^ to prevent some orbits of d/dijj from being closed timelike curves 
(CTCs). This completes the derivation of the solution given in [T8j . 
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B Supersymmetric black rings in ?7(1) theories 
B.l The theory 

The method of |27] has been generahzed to the case of minimal supergravity coupled to — 1 
abelian vector multiplets with scalars taking values in a symmetric space fl^ 1^ . The action 
for such a theory is 

/ = / (^R^l- GjjdX' A - GijF' A ^F' - \CukF' A A , (B.l) 

where I, J,K = 1, . . . ,N. The constants Cjjk are symmetric in (UK) and obey 

CijkCj/(^lmCpq)k'S'^'^ = -^^i{lCmpq). (B.2) 

The A^ — 1 dimensional scalar manifold is conveniently parametrized by the scalars X^, which 
obey the constraints^ 



6 

It is then convenient to define 



\CijkX^X-^X^ = 1. (B.3) 



Xj = IcjjkX'X'', (B.4) 

SO XjX^ = 1. The matrix Gjj is defined by 

9 1 ^ 

Gij = -XjXj — -CijkX , (B.5) 

with inverse 

= 2X^X^ - QG^-^^Xk, (B.6) 

where G^'^^ = Gjjk- We also have 

X' = ^G^'^'XjXk. (B.7) 
Reducing the D = 11 supergravity action, 

^ *ii 1 - A *iiJ^ - A A ^ ) , (B.8) 



levrGii J \ 2 6 

to D = 5 on using the Ansatz ()2.2|1 with the constraint ()2.7j] yields precisely the action 
()B.1|) with N = 3, Gjjk = 1 if [UK) is a permutation of (123) and Gjjk = otherwise, and 

Gu = ^diag {{XY\ (X2)-2, {X')-^) . (B.9) 



^^Given this constraint, the scalars should be written in terms of unconstrained variables before the action is 
varied. 
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B.2 Supersymmetric solutions 

Any supersymmetric solution of this theory must admit a non-spacehke Kilhng vector field V 
|25j so, in a region where V is timelike, we can introduce coordinates just as in the minimal 
theory described in Appendix El Supersymmetry again implies that {B, h) is a hyper-Kahler 
manifold and that the Maxwell fields can be written j25j^^ 

= d{fX\dt + uj)) + Q^, (B.IO) 

where 0^ are self-dual 2-forms on B satisfying 




(B.ll) 



The above conditions are both necessary and sufficient for the existence of a supercovariantly 
constant spinor of the same form ()A.5|) as in the minimal theory |2tij . 

We also need to satisfy the equations of motion. The Bianchi identity for is 

dQ^ = 0, (B.12) 

and the Maxwell equation is 

v^r'Xj) = ^CuKe'-e'', (B.13) 

where, is the Laplacian on B and, for 2-forms a and (3 on B, a ■ (3 = (l/2)a™"/3mn, raising 
indices with /;,'"". The remaining equations of motion are satisfied automatically |2tij . 



B.3 Supersymmetric black rings 

We now want to generalize our black ring solution of the minimal theory to a solution of the 
theory ()B.1|) . We proceed by analogy with the minimal theory. First we choose B to be fiat 
space written in the form ()2.4j) . Next we need to find some closed, self-dual 2-forms 0^ on B. 
We already know one example of such a 2- form from the minimal theory, namely G'^. This 
suggests the Ansatz 

0^ = {dy Adip + dx A dcj)) , (B.14) 

for some constants . Equation ()B.13|) reduces to 

[fx,) = ^.CuKq'q^'ix - yf. (B.15) 

Comparison with the corresponding equation of the minimal theory immediately provides a 
solution: 

^ r'Xj = Xj + -^(^Qj- \CuKq\''^ {x-y)- ^CjjKq'q'' {x' - y'), (B.16) 
^^Set X = in "SF to obtain these results. 
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where the constants Qi are arbitrary but demanding / — 1 at infinity imphes that the constants 
Xj must obey the same algebraic restrictions as X/. These restrictions also imply 



/-3 = C'^'^HjHjHk. 
D 



Next, from equation ()B.11|) we have 



(B.17) 



2 

which we have to solve to determine u). A natural Ansatz is 



(B.18) 



u = q ujj 



(B.19) 



where a;/ obeys 



- {dujj + -k^duj) = -Hj {dy A dip + dx A d(j)) . 



(B.20) 



This is exactly the same as the equation we had to solve in the minimal theory and can be 
solved in the same way - we have 



uoi^ = (1 - x^)d^Mi, = {y^ - l)dyWi 



(B.21) 



where Wj is regular at x = ±1 and y = —1 but can diverge logarithmically at y = 1, and must 
obey 

(B.22) 



((1 - x^)d,Wi) + dy {{y^ - l)dyWi) = ^Hi. 



We can just read off a solution by carrying over results from the minimal theory: 



<^i(f> 



8R^ 



:i-x' 



Qi 



Qi 



CijKq'q'' (3 + X + 



So finally we have 



[l-x^) [q'Qi-ci'{?> + x + y)] 



a;^ = ^(1 + y)q'Xi - ^{y^ - 1) [q'Qi - q^ + x + y)] , 



where 



g3 ^ -CijKq'q'q''. 





The electric charges are given by 



Gij^F' 



4^. 



-Qi. 



(B.23) 
(B.24) 

(B.25) 
(B.26) 

(B.27) 
(B.28) 
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The mass and angular momenta can be read off by comparing the asymptotics of the above 
solution with the minimal ring. We find 

M = X'Qi = -^X'Qj. (B.29) 
4G5 

■J'P = ^ WQi - . J^ = ^ {GR'q'Xj + q'Qj - q') . (B.30) 

The solutions of section |21 are obtained by replacing indices /, J, K with i, j, fc, choosing Xj = 
1/3, i.e., X* = 1, and defining qi = q\ 



C Positivity of the (p-ijj metric 

The determinant of the (p-ip part of the five- dimensional metric ()2.3|1 is 



(c.i: 



where hmn is the base space metric ()2.4j) . If A is positive then the (t)-%lj metric is either positive 
definite or negative definite. To see which, note that 



so A > implies g^^ > 0. Hence the (^t-ip metric is positive definite when A > 0. 
We find that 



(C.2) 



[l-x^){-l-y)fR^ 



A 



+ 



+ 



{y^ -x^){l~y){x-yy 
64i?6 

{x-yf{l-y) 
(a; - yf_y , (1 - y) 



2 Q^q^Q,q, - J2 Q'l' - 4^'^' E 1^ 



i<j 



X-ix + y)q^ J] + (1 - x) J] 



where Qi is defined in equation p.9|l and 



X = :r:^ [X 



{y^ - x^) m + 2(a; - 2/) 5^ 



i<j 



(C.3) 



i?2 



• (C.4) 



We derived this expression by first grouping together terms involving the same power of R. For 
A to be positive as y — > — 00 we need 



(C.5) 



i<j 
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For Qi > 0, this inequality implies that the Qi must lie in the region interior to one sheet of a 
double sheeted hyperboloid. It is easy to see that it cannot be satisfied if any of the Qi vanishes 
hence the allowed region lies entirely within the positive octant^'^ of R^, i.e., Qi > 0. 

All of the remaining terms in A are manifestly positive except for X and Y. These can be 
seen to be positive as follows: 



Y > -il+y) 

a + y) 

(1 + 2/) 



i<j 



4i?2g3 



i<j \ i J 



> 



i<j \ i / \ i<j i / . 

[qi (22^2 + Qsqs - QigiY + q2 {Qsqs + Qiqi - 22^2)^ + gs (Qigi + 62^2 - Qsqsf] 



> 0. 



Here the first inequality is just 1 — y > —1 — y and the second follows from ()C.5|) . For X we 
have 



X > -{1+y) 



Q1Q2Q3 \^ 2 





i?2 



> 



AR^q^Z^q^ 

a + y) 
^RWE^q^ 

a + y) 



AQrQ,Q,q' E - ( E 2.^1) (2 E 2.^.2^9^ - E 

[Qiql (22^2 + Qsga - Qiqif + 22^2 (Qs^s + Qiqi - 22^2)^ 



^RW q. 
+ Q?.ql (Qigi + 22^2 - Q^q-if] 

> 0. 

The first inequality is just x — y > ~1 — y and the second follows from ()C5|) . In summary, the 
only condition required for A to be positive is ()C.5|1 . 



^•^The other sheet hes in the negative octant but shall we disregard this region. 
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D Extension through the horizon 



D.l Five dimensional solution 



The solution ()2.H|1 can be extended through ?/ = — cxd in the same way as the minimal ring [TH|: 
let f = —R/y and 



where 



dt = dv — A{r)dr, 
A{f) = 



M Ai 



B{r)dr, dip = dip' — B{r)dr, 



B{f) = — + Bo, 
r 



(D.l) 



(D.2) 



and Ai, Bi are determined by requiring that the solution in the coordinates (f , f, x, 0', V'') 
is analytic at f = 0. First note that the scalars are already analytic at f = 0. The 
electromagnetic potentials A^ are given by 



A' 



^ (1 + 0(f)) dv-^il+x + Oif)) dcp' - I 

Zi 

^-^ + ^ + blBo + bUB, + Oif) 
r q-^ 



1 — X 



dr. 



+ 0{f)j #' 
(D.3) 



where and b^_i are certain constants and 0{f) denotes terms that can be expanded as a 
series in positive powers of f. This is analytic up to a term that can be removed by a gauge 
transformation. For the metric, we find that that Qfip' diverges as 1/f unless we choose A2 = 
—L'^{qiq2q3Y^^Bi/(2R), where L was introduced in ()3.28|) . We then find that gfr has a 
divergence unless we choose^"^ 

This implies 

Now Qff diverges as 1 /f unless we choose 



Bi = - 



A, 



2L 
4R' 



v4i 



(D.4) 
(D.5) 

(D.6) 



The metric is now analytic at f = 0. However we still have the freedom to choose the finite 
part of the coordinate transformation. After the above transformation, Qff is a linear function 
of x at f = and we can choose Aq, Bq to cancel this function so that Qff = at f = 0. The 



^^Thc overall sign here is arbitrary; making the opposite choice would lead to an extension of the metric 
through the past horizon rather than the future horizon. 
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expressions for and are lengthy and unilluminating so we shall not present them here. 
The metric finally takes the form 



dsl 



16rS 2 J- 4f3sin2^^ AfR^^,, 
-av + 2—avar H ava(p H avatp 



Rq 



+ + 12 + q3)r sin^ Odrdcf) + 2 



^cose-c 



drdip' 



(D.7) 



4 



+ sin^ ^ {d(j)' - dijj') 



+ 



We have set x = cos 9. The ellipsis denotes terms in gff starting at C(f), as well as subleading 
(integer) powers of f in all of the metric components explicitly written above. The constant c 
is given by 



1 



2LRqiq2q3 



Q1Q2Q3 - Y.^Q^ + Qj)qiqj - q%qi + q2 + qz)^? 



i<j 



(D.8) 



The above metric is analytic in f hence so is its determinant. At f = 0, the determinant 
vanishes if, and only if, sin^^ = 0, which is just a coordinate singularity. Hence the inverse 
metric is also analytic in f so the above coordinates define an analytic extension of our solution 
through the surface f = 0. 

The supersymmetric Killing vector field V = d/dv is null at f = 0. Furthermore, V^dx^ = 
{R/L)df at f = so \^ is normal to the surface f = 0. Hence f = is a null hypersurface and 
a Killing horizon of V, i.e., our solution has an event horizon at f = 0. 

The metric of a spatial cross-section of the horizon can be written 



horizon 



L^d^'' + ^(^de^ + sm^9dx') 



(D.9) 



with X = 0' ~ V^'- The near-horizon geometry is locally AdS^ x S"^ where the AdS^ has radius 
{qiq2q3Y^^ and the S"^ has radius (g'iQ'2Q'3)^^'^/2. 



D.2 The IIB solution 

Consider now the IIB solution ()4.2|) . As y —00, the conformal factors multiplying the 
three terms in ()4.2|1 remain finite and non-zero. Hence, after transforming to the coordinates 
(f , f, (9, 0', V''), the only part of the metric that is not manifestly regular at f = is the part 
involving A^. To make this regular we need a gauge transformation, i.e., a shift in z. Using 
equation ()D.3|) . the required shift is 

df, (D.IO) 



dz = dz + 



biBi 4:A2 ,0 „ 

r qiq2 
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which gives 



dz + 




4^2 



(D.ll) 



This is manifestly analytic at r = 0. We still have V^dx'^ oc lir at r = where V = d/dv so 
f = is a Killing horizon of V. 

D.3 Null orbifold singularity of rings with L = and Qi ^ 

Consider now solutions where all the dipoles qi are non-zero but L = 0. The analysis is similar 
to the case L > so we shall simply sketch it. Let y = —R'^/f'^ and change as in ()D.1|) . Take 
A = A^jr^ and B = B2/f'^. A2 and B2 can be chosen to cancel the divergent term in Qff. There 
are no other divergences in g^f nor Qf^p'- The determinant of the metric vanishes at f = 0, but 
this comes from the coefficient in g^/^' and is a coordinate singularity analogous to the one 
in the Poincare patch of AdSs. There remains a piece in Qfr which is x dependent (but does 
not vanish at any x), and could be eliminated by adding an f° term to B which is also a linear 
function of x, but this is not actually necessary. So there is no curvature singularity at y = —00. 
The near-horizon (or, more appropriately, "near-core") geometry is more simply expressed in 
coordinates which only cover the outer region. Changing y = — i?^/(ef^) and t = t/e, and 
sending e — > we find 



This is, like in the cases with L > 0, locally AdSs x S"^. The AdSa part is written in double-null 
form, and since the orbits of are closed we find a null orbifold singularity at f = instead 
of a regular horizon. The near-core limit for the corresponding JIB solutions is easily obtained 
by comparing to (j4.12p . 

The solutions where some of the qi vanish, and possibly also some Qi, are studied in Sec- 
tion IHl 
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